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(1) Asymptotic expansion of the solution of the
master equation and its application to speed limit



GKSL equation

Quantum master equation (Gorini-Kossakowski-Sudarshan-Lindblad equation)

dp(t)
dt

= L(ov)p(t) = )] + Z t)D[L(t)]p(t)

|
DILlpi=LpL' - 5 (LT Lp+pLt L)

S1o(t)) = L)1)
(A|B)) = tr(A'B)

(1|L(cr) =0 Conservation of probability

L(a)|po(cr))) =0  Steady state



Dynamical steady state

R(a)L(a) = 1 — |po(a))) (1

General inverse matrix (but it is not Moore-Penrose)

17, . 1 .
Quantum master equation [1 — R(at)%} 0p(1))) = R(a’t)%mo(at))) op(t) == p(t) — polay)
at at
) ) . ss >0 d mn
Formulaic solution |(j pd : ({)» c— Zl [R((]f)a} | /00((1’51‘.)))
General solution  §jp(t) = 5pd55(t) + S'p(t) [1 — R(at)%} 0p(t))) =0
Decreasing exponentially 5p(0) = 5p(0) — 8p%5(0)

Dynamical steady state pdss(t) = polay) +90 pdss(t )

SN, M. Taguchi, T. Kubo, and Y. Tokura, PRB 92, 195420 (2015).
D. Mandal and C. Jarzynski, J. Stat. Mech. (2016) 063204.
SN, arXiv:1710.05646 (Doctoral thesis).



Spinless one-level quantum dot
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SN and Y. Utsumi, PRE 104, 054139 (2021).
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Master equation and local detailed balance

pn Z [1’ n,mpm
n,m Y [{ n,rn

Contribution from bath b

Z [V}g?}l — () Conservation of probability
n
Inverse temperature of bath b

Local detailed balance /
¥
4 b 5’) m 4 b -3 En .
H n,n)l E T H m;r)l ’ (m. 7& ?’L)

Energy of state n



Entropy production rate

d o d B d by, dpn
£<E> — E;Enpn — . Jt pn+Zn:EnE
Work rate Heat current
ZE dp”’ ZE > D (Wpm —Wipn)
b m(#n)
=> " W pm(E, — En)
b m#n

Heat current form bath b to the system

S‘Jh’mnon Zﬁb Z W, mpm E — Em)

b m#£n

SShannon = — E Pn In Pn Shannon entropy



Speed limit of Shiraishi-Funo-Saito

dpn,

gy < \/26(t)a(t)

a (f) = Z LVIE:rn. Pm  Activity rate
n#m

2.

T

L = Z P (7)) — pu(0)] < V20 A

g = / dt o(t) Entropy production

A= / dt a(t)  Activity

N. Shiraishi, K. Funo and K. Saito, PRL 121, 070601 (2018).



Example of achieving the equality: a single-level quantum dot

a(r)

Tetol2 |

) (a) protocol A (b) protocol B (c) protocol C
A(t) = a(t)A
a(t) = h; + wt
hy:=h; +wr
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SN and Y. Utsumi, PRE 104, 054139 (2021).



(2) Speed limits for open quantum system



Speed limits 1n closed quantum systems

dp _
dt

Mandelstam-Tamm relation [:( p(T), [)(O)) < / dt AE

ﬁ([), U) ‘= cos F(p_, 0’)’ Bures angle (distance)

F(p,o) = tr\/\/ﬁa\/ﬁ: F(o,p), Fidelity
AE = \/tr(pH?) — [tr(pH)]2.

L. Mandelstam and I. Tamm,
“The Uncertainty Relation Between Energy and Time in Non-relativistic Quantum Mechanics”

J. Phys. (Moscow) 9, 249 (1945).



Open quantum system

GKSL equation %p(t) = —i|H(t), p(t)] +D(p)

| |
D(p) == > % (ﬁ:plz}i — 5 LiLip - 5011}21«@)

k
\ Jump operator

H(t) = Hs(t) + Hy(t HL(1), Hs(1)] = 0

Lamb shift Hamiltonian

[Lﬁ,a,w HS] :ﬂLb,a,w; Lb,a,—w — LT

b,a,w"
Label of bath Energy difference

- .’6’ b w ,

Vba.—w — € Yb.aw Local detailed balance

V(= 0). Ly, w and 3, can depend on time.



Entropy production rate and activity

. [dp ,.
o:= —1Mt1 [E In p} — zb:ﬁb tr[Dy(p) Hs)

Diagonalization P(1) = Y pn(t)|n(t))(n(t)

Exclude terms where n = m and w =0

/

1 , : |
5= E w(a® oK)y —k = (ba,—w) w(a,b):=(a—0b) 111? >0
)

2 i Imn

n.m.k

= Al () L m ()P

a nim

a(t) := Z Z (L.g;?)l Activity rate

n#m k



Funo-Shiraishi-Saito

p(r p(0)|1</ de all X1 = TrVXTX
B dt
dp
1| < W plll + I Daa(o)lls + [Da(p)ll

Da(p) = Z [n) (n[D(p)|n){(n)

Dustp) = 3 Do)
n#m

< v/26(t)a(t) Shiraishi-Funo-Saito

I|[H,p]|s <2AFE Mandelstam-Tamm-like

dpn,
dt

1Da(p)l[1 :Z

n

Dna(p) = —i[Hp, p] + Z in)(n|D(p)|m)(m|

NFM,Pn=DPm

o i) (n|D(p)|m)(m|
HD ':"'1 Z Pm — Pn

Pn #P-m.

K. Funo, N. Shiraishi and K. Saito, New. J. Phys. 21, 013006 (2019). 15



Improvements to the Funo-Shiraishi-Saito

i,fH <\/.7-— H+Hp \/1,;. +\/2cr Jmy, (1

d
U= sgn(=)
. . dt
SLD Fisher Information o ,
In.-‘J(‘X) = Z ‘ ?II‘ X‘?IZ ‘211! a?(j;?}z agmf)) a?(nn — Aﬂ‘ '?'E'lLk|'”1>‘ Pm
k.n#m
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F{J(*X) < 41";()() k.n#m
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S I
In 7 2
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K. Sekiguchi, SN, K. Funo, H. Tajima, arXiv:2410.11604
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Vu-Hasegawa and Vu-Saito

d 7). p(0))? d 7). p(0))?
o> vy i r(ﬁ(gl;( D" S o T(ﬂ(g%!( )

dr(p(7),p(0)) = Z |G (T) — ¢, (0)] Semi-classical distance

T. V. Vu and Y. Hasegawa, PRL 126, 010601 (2021).
T. V. Vu and K. Saito, PRX 13, 011013 (2023).



Nakajima-Utsumi (1)

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).

On 1= oA pt) = Ut (t)p(t)U ()
dU(t) |
—= = —iH(OU(1)



Comparison in quantum dot

d | : :

d_i) = —i[ea'a, p] +~[1 = f()]Dlal(p) + 7 f (=) D]a’)(p)
f(e) = 6351+ . DIL](p) := (LpL‘f _ %LTLp - %pLTL)

0.15

o.m}
p(0) = 3(1+0.37,)

|

Pauli matrix

0.05]

0

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).



State-to-state distances

p(t) = 5(1+7r(t) 7)
1p(r) = p(O)[|r = |r(7) —7(0)

k z| = V@
dr(p(7),p(0)) = ||r(T)| — |[r(0)|] = dr(p(T), p(0)),

0-5¢ 15(t) = (0)]lx

0.4/

0.3 pe =1

5 p(0) =

0.2/

0.1,

0 0.5 1.0
SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).
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Nakajima-Utsumi (2)

dp

dt

1o(r) = p(O)[]1 < / it

0 ‘ 1

< /{;dt (IICEE Al + 11D(o) 1

D(p) = VIy/[D)ID(p) (VIV =1)

p(r) = p(0)]1 < / dt ||[H. pll[, + /20 Ay
0

Shiraishi-Funo-Saito type
Mandelstam-Tamm type

[11H. pllls </ Fp(H) Ay = / it (ﬂ D ia V. L)'V, La{)
; ,

5

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022). 5



Derivation of the Nakajima—Utsumi (1)

1
{phe(X) = / ds (“r"'—kP)SX(’“/kP)l_S V—k = Vba,—w
0
<<X Y)),ok = {r [XT{/O}A( )] Semi-inner product

(«Xy»ﬁk)* — <<YX>>,5A
X[, == (X, X)p > O

1 ,._,
(;—prm —p(0)]|; = tr {@(ZL)E} p(t) := sgn(p(t) — p(0))
1
— 5 Z«[L;L kf./( )] [LA — 111/0 /86H9]>>
k



Derivation of the Nakajima—Utsumi (2)

d

8 N | S o
—i(t) = Zk:%D[Lk](p) = 5 LI b (L = = o))

_ ) 1 U _ L

17(7) =50 = 53 [ dt (RO 1L~ Inj = Aol
e 70
1 T _ 2
— dt Ly, ¢
29| VT
T 1 - 2
dt — Ly,
\// 3|2
K < 24,

T 1 N _
x\// dt 52 H[L;;,—lnﬁ—ﬁbHs}
J0 L

= Entropy production rate
SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).
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(3) Quantum thermodynamic uncertainty relations



Master equation and trajectory

pn E an pm Rom( E R'nm

m

7

Trajectory 1" = {ng L 2 ng - S (e, - AN (to=0<t) <ta <

p(T) = c};p(/t dt R”xﬂx( ))Ri’{n\ l(fN)...

N

ta i1
Xﬁﬁim(fg)cxp (/ dt Ry n,(t ))R:Ellna(fl)cxp (fg dt Rnoﬂﬂ(f))pm((}]

t1
pu(r) = [ D b (T
Nt FNk
Z Z Z / dty / dts - - / dtn O np(T)
N=0 11, .VN NQ.1n1," EN-1

e <IN < T)
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Thermodynamic uncertainty relations

When R, (t) = R (wt),
o 2
kur | 70 —wO )@ | activity
Var(®,) -
rwr | (00 —wd )TN o | et
- t t
Var(. ]r) =5 ntropy production
Ji\'r
O () =) wik
k=1
Ji\'r
}T(r) = jgi,nk_l (jg,m - _jzz,n) Current
k=1
(X) = [ DX X)) Var(X) i= (X2) — (X)?

T. Koyuk and U. Seifert, PRL 125, 260604 (2020).
HRR=E T [P HS R DB F WA 0 A%, 2022.

b}



Thermodynamic uncertainty relation and speed limit

:(TO’T - waw)(*]ﬁ:g o2 f( % )—2

TKUR <
Var(.J,) — 4A° \2A

f(x) is the Inverse function of x tanh x

f(z) > max{z,Vz} (x> 0)

a \—1
L E gf(ﬂ) L := Z |pn(T) _pn(o)‘

L <vV20A  Shiraishi-Funo-Saito

V. T. Vo, T. V. Vu, and Y. Hasegawa, J. Phys. A: Math. Theor. 55, 405004 (2022).



GKSL equation and quantum trajectory

l
GKSL equation L;}(i) = —i H (¢ |+ ZD Ly (t = L(t)p(t)
D[L](p) := LpL' — §(LTL,o + pL'L)

p(0) = tr[ MY () p(0) M2 (T)T]

MAE) = W(r.tx) (H L, “(ta:ta 1))
OWO(t,s) . 1 ., ., |
ag‘. = ( —iH" -5 Z(L-f»)TL-i)‘-T-’Q(t- s), Ws,s) =1

’f“

H .= (1+ky0)H. LY :=+/1+r0L,

F = —(07In pg(f)\gzo) Fisher Information



Derivation of quantum TUR and KUR

J_ ) 2
, D _ } < F  CramerRao inequalit
\*"ﬂl‘(jqr)[ 9<jT>9‘9 ol < ramer—Rao inequality

j‘}‘ — (I)‘T (KI_,TR)
J-=J, (TUR) Lfr = /1 + KpfLy, HY .= (1+kyb)H

N k=1 (KUR)

b = Z'wﬂ?a
1 tl‘[pL;L;{_ — t1"pLJr_kL_;l,'
4= — — — - (TUR)
N tr{pL, Ly + tr[pL’  L_}]
Jr o= Zj;;ﬁ- J—k = —Jk
a=1
Do(Tr)elg—g = (Tr) +Te (Tr = 07, Jr),

T ::/ dt Z)\ktr[@(ﬂLLLk] (}\ﬁ;:ﬂ’k~jk)~.
0 k

pP(t) ‘
06  lo=0




Quantum TUR and KUR

Quantum correction term

um KUR [(l +5¢))<(I)T>:2 < BiO —
Quantum Var(®, ) = A This can only be calculated numerically

[(1+5J)<j“r>:2 a
Quantum TUR Var(J,) =5 TCE
: D, i
rfl,
5J = J*
(Jr)

T. Van Vu and K. Saito, PRL 128, 140602 (2022).
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Upper Bound of Fisher Information (1)

We suppose that the number of the jump operator of the GKSL equation is M. We introduce (M—+1)-
dimensional Hilbert space ‘H with an orthonormal basis {|m)},ﬂf:0 and a fictitious environment system
E of which Hilbert space is H®Y. We consider a combined system of S, the ancilla system A, and E.
We suppose that the initial state of the combined system is 21(0)) ® |On_1,---,01,00). Here, |L~(O)>
is the purification of p(0) (i.e. tra[|¢2(0))(12(0)[] = p(0)), and [Ox_y,- -+ ,01,00) = @ 5*0);. For each
1 =0,1,--- N — 1. an environmental subspace 7 interacts with system S during the time interval
1AL, (i + 1)At] via a unitary operator U;.

) = Un—i - UrUg|90(0)) @ |[On—1, -+, 01,00)
M
Z wa_l ---Qﬂm (0)) @ lmy_1,--+,m1,mo)

mo,--- ,my_1=0

. M
1
0 syt - NS ARY -
'“QO — [1 + (— 1 H” — 5 § :(Lm) L'??I)‘At:| ® 1a
m=1

Q=L VAt@1y (m=1.---.M)



Upper Bound of Fisher Information (2)

The Fisher information associated with POVM (positive operator valued measure) M is denoted by
10, M). If we put Mo({m;}) == lga @ |mn_1.--- ,m1,mo){mn_1,--- ,mi.mg| (1sa is the identity
operator of SA), the outcome is given by tr[Mo({m;})[2/?) (?|] = P?({m;}). Because of F = I(0, M)
and the quantum Cramér-Rao theorem, we have

. 3 ..019 ..,0 a .0
F<7T:=14 [(092/) Dp1)”) — (g

0) (W 10su”)]|

6=0
SLD Fisher Information

T = 4|09, 09,C(01,02) — 59@(91,92)5926(91,92)}

01=0=05
C(Ql, 92) = <Z,/)9‘2 l//,@l) — tI.Spé'l,Qg (T),

p" 02 (1) = trap([lV™) (%

S. Gammelmark and K. Mglmer, PRL 112, 170401 (2014).



Two-sided GKSL equation

dp?1:92(t)

m — L0092 ()19 (1) under p?+%2(0) = p(0)
dt

L0210 = —iH" o+ wiH" + Y { L] o (L)
'Il1
LT o\t 70 Oa\t 70
-2 {(Lkl)u‘kl °te (Lf)TLf] }

S. Gammelmark and K. Mglmer, PRL 112, 170401 (2014).

While Vu-Saito had only evaluated the SLD Fisher information at the limit of long durations,
we have provided an expression for arbitrary durations.

Q:= Q. O < Q4



Upper bound on the quantum correction term
Q<L Qr =411 + Ir + I3)

I = / / du tr :,CQ(S)Z/{(.‘;.U-)El(li-)ﬂ(ﬂ): :

I = / / du tr :ﬁl(s)u(s‘-.-u)ﬁg(u)p(-‘u): .

I3 = (/0 dt Kptr [H(f.)p(f)DQ.

, 1
Li0 .= —ikgH e +§ E K [L;\. ° L}L — LI‘L;‘, ° ]
k

1
[_‘,20 — .'{'.HHH — 3 Z K. |:LR ® LI — .LLL-,{;] .

= L(s)U(s,u), U(u,u)=1.

SN and Y. Utsumi, PRE 108, 054136 (2023).
T. Nishiyama and Y. Hasegawa, PRE 109, 044114 (2024).



Numerical Calculation (KUR)

H = AL (1] + (0) (1] + [1){0])
Ly = \/Am(1)(0]

Ly = A+ 1)[0)(1

We set @ =y, A =025y, n=1, and p(0) = (1 + 0.20, + 0.30, — 0.40)

SN and Y. Utsumi, PRE 108, 054136 (2023).
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Hasegawa’s method (1)

{C.f)}s(t): 0);((‘3‘)] — 514;15(15 — S) Quantum field

10) is the vacuum state for the fields.

p(t) = Trp[[®(t)){(P(1)]]

For quantum Fields and the Ansila System

Y. Hasegawa, Nat. Commun. 14, 2828 (2023).
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Hasegawa’s method (2)
(W (s:1)) : =V, (s:1)|P(0))

Vo(s:1) == Toxp [f; Ju { — %H(;u) @ 1p + \/EZ[LA(;U) ® r?;lf uw) — Lk(H;)T ® ﬁbk(U)]H
k

pr(sity,to) = Trp[|Wr(s:t1))(Wr(s:t2)]

ap?'(s* fl 12)

Two-sided GKSL equation P
S

— ﬁr(‘?aflb)ﬂr(‘?»fl@)

Lr(s:ty, Tz)'——z H ;‘).—F.z H(T)

\/E\/EZLL “._ oL f2-
L (2 () e () ()

Y. Hasegawa, Nat. Commun. 14, 2828 (2023).



Hasegawa’s KUR

t t t
L(s;t, 1) = —ﬁ(—s) pr(sit,t) = p(—s)

T T T

202 (X) 1= (Ur(:7) | X | (7:7))
KUR | oy vz S B(7) = (B()| X[ (7))
C := 0, (W, (1:1)|C| W, (T t))‘t:T

B (1‘) — f_.z J (f) “The quantum generalization of the dynamical activity”.

J(t) :=4[(O V- (T:8) [0 W+ (71 1))
<af (7 )|qj (7 ))(qu(T;tHatqu(T;t))]'

Four times the energy dispersion. Quantum Fisher information.

38

Y. Hasegawa, Nat. Commun. 14, 2828 (2023).



Quantum generalization of the dynamical activity

If H and L, are time-independent.

B=B-+Q.

Qr =411 + I + I3)

I o= / s / du tr | =Ly (u)p()]
I = / ds/ du tr El T Lo U)ﬂ(U)}-
Iy = —(/0 dt tl[Hp( )]) |

Cro = —iHe+: Y Lo Ll —LiLce|.
22

Loe :— eiH + éz [L;, o LI: — OLI,L;C]

SN and Y. Utsumi, PRE 108, 054136 (2023).



Summary

(1) We investigated the asymptotic expansion of the dynamic steady state when driving a parabolic oscillator.
By applying this asymptotic expansion to the speed limit, we found an example where the equality in the
Shiraishi—Funo—Saito speed limit 1s satisfied.

SN and Y. Utsumi, PRE 104, 054139 (2021).

(2) We investigated the speed limit of a quantum open system.

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).
K. Sekiguchi, SN, K. Funo, H. Tajima, arXiv:2410.11604.

(3) We investigated the thermodynamic uncertainty relation for a quantum open system and derived an analytical
expression for the quantum correction term.

SN and Y. Utsumi, PRE 108, 054136 (2023).
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