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(1) Asymptotic expansion of the solution of the 
master equation and its application to speed limit
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GKSL equation
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Quantum master equation (Gorini-Kossakowski-Sudarshan-Lindblad equation)

Conservation of probability

Steady state



Dynamical steady state
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Dynamical steady state

Formulaic solution

General inverse matrix (but it is not Moore-Penrose)

Quantum master equation

Decreasing exponentially

SN, M. Taguchi, T. Kubo, and Y. Tokura, PRB 92, 195420 (2015).

D. Mandal and C. Jarzynski, J. Stat. Mech. (2016) 063204. 

SN, arXiv:1710.05646 (Doctoral thesis).

General solution



Spinless one-level quantum dot
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Borel sum Asymptotic expansion of 1/T

SN and Y. Utsumi, PRE 104, 054139 (2021).



Master equation and local detailed balance 
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Contribution from bath b

Local detailed balance

Energy of state n

Inverse temperature of bath b

Conservation of probability



Entropy production rate
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Work rate Heat current

Heat current form bath b to the system

Shannon entropy



Speed limit of Shiraishi-Funo-Saito
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Activity rate

Entropy production

Activity

N. Shiraishi, K. Funo and K. Saito, PRL 121, 070601 (2018).



Example of achieving the equality: a single-level quantum dot

10SN and Y. Utsumi, PRE 104, 054139 (2021).



(2) Speed limits for open quantum system
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Speed limits in closed quantum systems
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Bures angle (distance)

Fidelity

L. Mandelstam and I. Tamm, 
“The Uncertainty Relation Between Energy and Time in Non-relativistic Quantum Mechanics”

 J. Phys. (Moscow) 9, 249 (1945). 

Mandelstam-Tamm relation



Open quantum system
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Label of bath Energy difference

Local detailed balance

GKSL equation

Jump operator

Lamb shift Hamiltonian



Entropy production rate and activity
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Diagonalization

Activity rate



Funo-Shiraishi-Saito

15K. Funo, N. Shiraishi and K. Saito, New. J. Phys. 21, 013006 (2019).

Shiraishi-Funo-Saito

Mandelstam-Tamm-like



Improvements to the Funo-Shiraishi-Saito
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Logarithmic mean

SLD Fisher Information

K. Sekiguchi, SN, K. Funo, H. Tajima, arXiv:2410.11604



Vu-Hasegawa and Vu-Saito
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T. V. Vu and Y. Hasegawa, PRL 126, 010601 (2021).

T. V. Vu and K. Saito, PRX 13, 011013 (2023).

Semi-classical distance



Nakajima-Utsumi (1)

18
SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).



Comparison in quantum dot
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Pauli matrix

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).



State-to-state distances
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SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).



Nakajima-Utsumi (2)

21
SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).

Mandelstam-Tamm type
Shiraishi-Funo-Saito type



Derivation of the Nakajima–Utsumi (1)

22

Semi-inner product



Derivation of the Nakajima–Utsumi (2)
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= Entropy production rate

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).



(3) Quantum thermodynamic uncertainty relations

24



Master equation and trajectory

25

Trajectory



Thermodynamic uncertainty relations
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Current

T. Koyuk and U. Seifert, PRL 125, 260604 (2020).

齊藤圭司『ゆらぐ系の熱力学』サイエンス社, 2022.

Activity

Entropy productionTUR

KUR



Thermodynamic uncertainty relation and speed limit
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V. T. Vo, T. V. Vu, and Y. Hasegawa, J. Phys. A: Math. Theor. 55, 405004 (2022).

TKUR

Shiraishi-Funo-Saito



GKSL equation and quantum trajectory
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GKSL equation

Fisher Information



Derivation of quantum TUR and KUR
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Cramer–Rao inequality



Quantum TUR and KUR
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Quantum KUR

Quantum TUR

T. Van Vu and K. Saito, PRL 128, 140602 (2022).

Quantum correction term

This can only be calculated numerically



Upper Bound of Fisher Information (1)
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Upper Bound of Fisher Information (2)

32

S. Gammelmark and K. Mølmer, PRL 112, 170401 (2014).

SLD Fisher Information



Two-sided GKSL equation
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While Vu-Saito had only evaluated the SLD Fisher information at the limit of long durations, 

we have provided an expression for arbitrary durations.

S. Gammelmark and K. Mølmer, PRL 112, 170401 (2014).



Upper bound on the quantum correction term
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SN and Y. Utsumi, PRE 108, 054136 (2023).

T. Nishiyama and Y. Hasegawa, PRE 109, 044114 (2024).



Numerical Calculation (KUR)

35SN and Y. Utsumi, PRE 108, 054136 (2023).



Hasegawa’s method (1)

36

For quantum Fields and the Ansila System

Quantum field

Y. Hasegawa, Nat. Commun. 14, 2828 (2023).



Hasegawa’s method (2)
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Two-sided GKSL equation

Y. Hasegawa, Nat. Commun. 14, 2828 (2023).



Hasegawa’s KUR
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Four times the energy dispersion. Quantum Fisher information.

“The quantum generalization of the dynamical activity”.

Y. Hasegawa, Nat. Commun. 14, 2828 (2023).

KUR



Quantum generalization of the dynamical activity
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SN and Y. Utsumi, PRE 108, 054136 (2023).



Summary

40

(1) We investigated the asymptotic expansion of the dynamic steady state when driving a parabolic oscillator.

By applying this asymptotic expansion to the speed limit, we found an example where the equality in the 

Shiraishi–Funo–Saito speed limit is satisfied.

SN and Y. Utsumi, PRE 104, 054139 (2021).

(2) We investigated the speed limit of a quantum open system.

SN and Y. Utsumi, New. J. Phys. 24, 095004 (2022).

K. Sekiguchi, SN, K. Funo, H. Tajima, arXiv:2410.11604.

(3) We investigated the thermodynamic uncertainty relation for a quantum open system and derived an analytical 

expression for the quantum correction term.

SN and Y. Utsumi, PRE 108, 054136 (2023).
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