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1 HREREFEICLIZEFIVRI—FEAOEN
1.1 von Neumann AE=
HEHRDONINV =T V% Hg, BARDO NIV N =7 > Hp, HEMERZ H, & L,
H(t) = Ho+ Hi(t), Hy= Hs+ Hp (1.1)

&35, RROBEEHE T p(t) 2. 51 x 2> T—HBALL 725D p(x, t) I&. ZEE N7z von Neumann
FifE

d
%p(Xa t) = _i[HX(t)p(th) _p(X7t)H—X(t)]’ (12)
Hoo(t) & eXA2H, (e XA2  (a=0,1,8, B, ) (1.3)

Zwirz Uy FIRASA .

p(x;0) =Y Pup(0)P, (1.4)

Thd, AFBBOYHETH D, P, 1 ADEEM a, DZEMANDOHEEHATTH S :
AP, = a,P,, P2 =P,, Pl = P,. (1.5)

Trp(x, 7) & Kt =7 &t =012HB1F 5 ADHEMDAEIZDOWT ORI TH S, L. p(x,0) = p(0)
m5 (2% DGAMTEINDE), x =0T p(x,t) IEROBEHE T L0 5:

p(0,1) = p(t). (1.6)

1.2 MHEE/ER#ME
AR T

ﬂa. & Ha,x(t) e—eo Ha,fx(t) (CL =0,1,5, B, ,fﬂf\Elj) (17)

%8 AT 5 (Hge = [Hg, 0| TH5), (1.2) DL,

A~

p(x:t) = V(t)p(x,0), (1.8)
é%V(w — iAWV, V(0) =1 (1.9)
ThHb, 5. Ut) %,
V(t) = e Hol{r(t) (1.10)
TEHT D, e (1.8) &b,
Pl t) = e Mtpl(x 1), (1.11)
(1) € U (t)p(x.0) (1.12)



Y75, (1.10) ZH5 LT,

—ZHeszOtU(t) = —iHgpe zHOtU(t) + zHOthdit)a
—iH et (1) = e—iﬁotdvgéw, (1.13)
dU (t AT
di) = —iHI(t)U(t) (1.14)
#1585, %M. UO0)=1ThHs, £/, ZIT
HIt) & gifot fr, o—ifot (1.15)
ThHbd, 5.
Ult,s) = Ut)U(s) (1.16)
L9BHE, Zhid,
d P
aU(t, s) = —iH (t)U(t,s) (1.17)
iz 9, £z,
Ut,s) = U, t)U(t,s), 1.18)
Ult,t) =1 (1.19)
Zii7zd, ZNH XD,
U(s,t) = ULt s) (1.20)
Th s,
1.3 HEEREFE: —KH
1.3.1 SEfIZAL
AT P %
P2 =P (1.21)
Z 7z AR OEE & U,
o _p (1.22)
e RN
Q?=(1-P)P=1-2P+P>=1-P
=9, (1.23)
QP =P -P*=0, (1.24)
PQ=P-P>=0 (1.25)



95, (1.14) &,
—U(t) = —iH{(t)[Q + PIU(t)

= —iH{()&(t) — iH{(£)j(t)
E 72k, (1.23),(1.21) 2 FHWT,
—U(t) = —iH{ (t)[Q” + P*|U(t)

= —iH{ (t)Q&(t) — iH{ (t)Py(t)
EEMITBH, THITENPS QZIEHIE T,

%@(t) = —iH] 5o(t)E(t) — iH] op(1)5(t)

i got) = QA (HQ, Al op = QA (1P
Thb, (1.29) &0, W(t) 2EEOHET L LT,

d . dW (t)

LW @a(0)] = ~iW @) go)a(t) + L gp (03] + o)
= WO gt) + W0 T D Lae) — it (1) gp(1)i1)
Thd, 5. Woot) %
—¢ﬂ{QQ@)+rV@éuf”V§f“)::o
def(t) = iWQQ<t)ﬁ1[,QQ(t)
T, DAL
Wao(0) = 1

TH O, (1.33) & (1.26) £ » Woo(0)2(0) = Q TH B, ERZE (1) IZDOVTHVT,
t
i) = Waht)Q =i | s Wab(t)Woo(s) i gp(s)i(s)

4

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)



UQQ( t) = « WQQ( )

Uqgq(s,t) < Ugo(s)Ug (1)

95, TDLEZE,

UQQ(t,t) =1,
Uqgo(t, w)Ugq(u, s) = U Qq(t,s),
Ugq(s,t) = Ugh(t, s)

elhn, Thd&b,
Woo(HWaa(s) = Ugq(t, 00000, s)
= Uqq(t, s)

TH %,
(1.41),(1.36) B LV g(t) DESE (1.26) 2> &, (1.35) IF

A t A A
2(t) = Uge(t)Q — i ; ds Uqq(t, s)Hi op(5)3(s)

L7325, (1.42),(1.26) D g(t) DEFHEZ. (1.27) DAELIZAAL T,

d - A N t N N N N
G0 = =il (00aq(t)0~ [ ds FH{(000(t. ) op(s)PU(s)
—iHL(tyPU ()
215,
W% p(x,0) IZEHAZIES &,

(Z "(x,t) = —iH{ (t)Uqq(t)Qp(x.0) — /0 ds H{ (t)Uqq(t, ) H{ op(s)Pp’ (x. s)

—iH{ (t)Pp" (x, 1)
b, TP EERAIET,

d
dt

—iPH{ (t)Pp' (x.t)

2155, T2 ETIIEENT, EEIZIEL W,

1.3.2 EEi

Lppt(x,t) = —iPHL(H)000(t)Qp(x,0 / ds PHL (1) 0go(t, 5) L op(5)Pp! (x. 5)

(1.36)
(1.37)

(1.38)
(1.39)
(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

Ugo(t,s) & HI () IZDWTEHT 2. £3 Ugol(t,s) DRESWAHEREZ KD B, (1.37),(1.36) & v,

Ugo(t,s) = Wi () Waq(s),
0 ~

2 Uaalt,s) = [0 Wab ()] Waq(s)

5

(1.46)



THB. Woo(t)Wih(t) =1 &M LT,

0 = (S Waa(Wah(t) + Waalt) T Wab(r).
d

A _ d - a
ZWGh (1) = ~Wad(t) |5 Waa®)] Wb ®)
= _’”/T/cgclg(t)iﬁfQQ(t)ﬁll,QQ(t)Wéclg(t)
= —iH{ oot Woe(t)
2135, ZhE (1.46) ITRAL T,

9. . o
5iUee(t:5) = =il go()Woo(HWaq(s)

= —iHl{ oo Uqq(t, 5)
2135, ZheHIGRM Ugo(s,s)=1&0
t
Ugg(t,s) = 1—i / du H{ (o (u)Ugo(u, 5)

ZOHEUAH ELLD Ugg(u, s) ITARAL T,

(7QQ(t,s) = 1—2/ du HlQQ / dul/ dug HY QQ(ul)Hl QQ(uQ)UQQ(ug, s)

= 1—2/ du HlQQ / du1/ dUQ Hl QQ(ul)Hl QQ(U2)+O(H1)

215%, OHD? & HI () 122V T 3 EDIETH %, (1.45) £H0% 1 HIZ
—iPH{(1)Uqq(t)Qp(x.0)
t
— ~PH{(Hp(x.0) ~ [ ds P01 gq(s)9p(x.0) + O]
0

A5 2 THIZ

t
—/0 ds PHI(t)Ugo(t, S)H{,QP(S)PPI(Xa s)

t
= [ as PEIO gp(s)Po () + O]
0

= - [ s PAIOG - PP (5) + O
0

= —/0 ds [PH{(t)H{ (s)Pp’ (x, s) — PH{(t)PH{ (s)Pp' (x, )] + O(H{)’

Yid, BEED. (145) .
d . t N .
SR et) = =PI 0.0 = [ ds P (0 gols)Q0(x.0)

- /0 ds [PEL (0L (sYPo! (x, 5) — PHL(YPHI(s)P! (x. 5)]
—iPH{(t)Pp! (x,t) + O(H])?

tt%o

(1.47)

(1.48)

(1.49)

(1.50)

(1.51)

(1.52)

(1.53)

(1.54)



1.4 BFVRY—AER
1.4.1 HEEFEHER

4. PELT,
Pe = pp & Trp(e) (1.55)
ESR, 2.
p(0) = pp @ ps(0) (1.56)
ERETS, ZDLE, (1.4) &b,
p(x,0) = pp ® ps(0) (1.57)

Lind, TOEE,

9p(x,0) = p(x,0) — p ® Tre(pp)ps(0)

=0, (1.58)
Pr'(x.s) = pp @ Trp(p' (x.9))
= pB® ps(x, 5) (1.59)
Y%, I T,
Pk 1) € Trp(p! (x, 1)) (1.60)
THb, (1.58) Kb, (1.54) DE12HIZ 012725,
zZT,
[A,Hg] = 0 (1.61)
r
Hy = R,a,, (1.62)

EINES B0 plZOWTEAIZMZBD LT 5, a, JEHROBEE T R, ZBBROEFTTHS,
DEE,

Hpe = [Hp,s], (1.63)
Hie = [Hy, o], = Hj o —oH (1.64)
Hyy = Ryxay (1.65)

L7325, (1.63) &0, HET X IZHLT
et x — =it x iHot = x1(_y) (1.66)
THYH, #£t>T
ﬁ{(t)X = eiﬁotﬁle_iHOtX
— eif{otﬁl (e—iHotXeiHot)
— eiﬁot[H]-’ e—iHotXeiHot]X

= [H{(t), X]y (1.67)
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(X,Y]y = X, Y =YX, X, =eXA2xe xA/2 (1.68)
H{(t) = R}(t)al(t) (1.69)

ThHB, N5 (159) £,
PH{(s)Pp!(x.s) = PHI(s), pprk(x. s)]x
= ppTrp[H{(s), pppS(X, 3)ly
= ppTrp(H{  (s)pBpk(x, s) — prpk(x. ) HI _ (s))

= pu|Trp{R] (()pn}al(s)pk(x 5) = TralonR), _\(s)}pk(x. s)aj(s)]
= 0. (1.70)

<R;€,X(t)>B =0, (-9 = Trelpp--] (1.71)

EIRELUZ, ThiEZ L DBEICH-INE,
F7=,

PH{(t)H{(s)Pp§(x,s) = PH{(t)[H{(s), p5p§(x; 9)lx
— PLHI®), [ (5), puoko 5)]
= ppTep[H{ (1), [H{(s), pprs(x: 8)x] (1.72)

YnB, BLEXD. (154) 13

pgeost) = =i [ ds Tea [ (@), (1] 5). pook . )L

Goh0ct) = = [ s Tea [0, (7 5).pook .9 (1.73)

b, ThBorn FBERATH 5,
1.4.2 Yal—F5T4 v H—#EK
/74\\
def
ps(x,t) = Trglp(x,t)] (1.74)
£95%, (1.8) &b,

ps(x:t) = Trple M0l (x, 1)]
= Trg e 001 (x, )i
— TI'B [efiHBtefiHsth(X’t)eiHsteiHBt] (175)



ThD, |n) BRROZERLTB L,

TrB [e—iHBte—iHst I(X, t)eiHsteiHBt]

P <n|€—iHBt6—iHsth(X’t)eiHsteiHBt’n>

(e~ Mot Hs g (x, £)eiH5t ) (m i )

I
L E M

(]t ) e~ Hate M5t ! (. )eiHs )

<Tn’eiHBte—z‘HBte—iHsth(X7 t)eiHst‘m>

[e—iHsth(X’ t)eiHst]
e~ HS e p o] (, 1)) st
= e St ph(x, t)e' st (1.76)
YRBNS,
ps(x:t) = e st pi(x, t)e's? (1.77)
2135, Zhk (1.73) B 5,

d i dps O t)
i oo t) = [H ps(x, 8)] + ie—Hst 22506 inse

dt dt
t . .
= s ps(t)] =i [ ds €50 Tieg [ (0), (1] 5). ppk o, )] 7
= s ps(at)] =i [ ds €50 Tieg [FE{(0), (1] 5). ppe™=* ps . s)e 1] i1
(1.78)
LB,
1.4.3 Born-Markov iT{l
(173) T. s=t—u £ LT,
d t
oh0et) = = [ du s [ 0.1 = ). popkit = wl] (1.79)
135, pL(x,t —u) % pk(x,t) TEEIL T,
d t
Gostet) = = [ auTeg (0,11 (= w).pmob (], (1.80)
1345, iz Redfield AFERE WS, HIZ, fot du % [;° du TEGL 7,
d o 1 1 I
dtpS(X’ t) = — ; du Trp [Hi (t), [Hi (t —u), ppps (O], (1.81)

73 Born-Markov JELTH 5, TD & E, (1.73) DXL
d i dpbOt)
P ps(x,1) = [, ps(x, )] + ie=Hst PS0CD) s
dt dt
= [Hs, ps(x,t)] — Z/O du 6_iHStTrB [Hll(t)v [Hll(t —u), po{S‘(X? t)]X] XeiHSt
= [Hg, ps(x,t)] — z/ du e st Ty p [H{(t), [HE(t — ), ppetstps(x, t)e*iHst]X]XeiHst
0
(1.82)



éﬁf&:éo

1.5 TCLZ#
1.5.1 a4l

(1.43) i TC(time convolution) B & FH# %5, TCL(time convolutionless) B D HFERNIT, AN &S
RoNns,

(1.28) 13,
th( t) = —iHI(t)Qa(t) — iHL (t)Py(t) (1.83)
ThHhole, THITEDPS QZEHIET, (1.29), $hbb,
i) = —iQH{ (t)Qi(t) — iQH{ (t)Pi(¢) (1.84)
2195, (1.83)IZEMNS P 2EHIET,
%g(t) = —iPHL(t)Qi(t) — iPHL(t)Py(t) (1.85)
2135, (1.42) &,
3(0) = Uot)0 i [ ds Uga(t.s) go()i() (1.86)
Thotze LRDH2IHT,
j(s) = PU(s)
= PUYt,s)U(t)
= PU (L, s)[@(t) + 9(t)] (1.87)

DT,

I(t) = UQQ(t)Q / ds Ugq(t, s)H{ op(s)PU ! (¢, 9)[2(t) + (1))
Uqo(1)Q + S(8)&(t) + S(8)i(t), (1.88)
/‘%letsfﬁQﬂ)PUA@J) (1.89)

Y5, (1.88) &b,

2(t) = [1 =SB Ug()Q+ [1— S(1)] ' S(1)j(t) (1.90)
2135, ZhE (1.85) ITRAL T,
%@(t) = —iPH{(t)Q[1 — S(1)] ' Uqq()Q — iPH{ (1) Q[1 — S(1)] ' S(1)j(t) — iPH{ (t)Pi(t)
= 1(t)+ J()j(t) (1.91)
245, TIT,
[t = —PH{(1)Q[1 - $(1)] " Ugqe()Q, (1.92)
Jt) < —ipHI)P — iPHL(£)Q[1 — S(1)] 1 5(¢) (1.93)

ThHb, (1.91) P TCLED HERNTH 5,

10



1.5.2 Born&{l

T,

N

1-8W)] ™ =14+5@)+[S@)>+---

ThO, St)IZBVT,
t
0-1(t,s) = 1+¢/ du FT(u) + - -

Thbd, £oT,

t

¢ t t
S(t) = —i/ ds Ugql(t, S)H{QP(S)P +/ ds Ugg(t, S)HII’QP(S)P/ du H{(u) 4.
0 0 S

(1.94)

(1.95)

t t
= —i [ ds ﬁ{7QP(s)P +/ ds/ du [— QH| (u)QHL(s)P + Qﬁ{(s)Pﬁ{(u)} + -
0 ]

t
SW(t) = —i/ ds QHI(s)P,
0

50)(1) = /0 ds / 'du [ - Off} (w) Q] (5P + QI (5)P ] (w)

Thbd, £oT,

1=S®' =1+5U@) + [SVH))2+5PD(E) +---

=1+ 5SU@) +8P@) + -
LB, ZIZT, PQ=0&Y., [SOB)2=0%M\\, 7=,

[1—-8t)]728(t) = SW )+ 5P(t) 4 - -

ThH o,
E£oT. HH ® 2k £ T,

%

J(t) ~ —iPHL )P —iPHI (t)QSW(¢)
= —PHL(t)P — iPHL(t) / t ds QH{(s)P
0

VG‘%%Q

1.5.3 TCLEODEFTRY—HERX
(1.91) % p(x,0) IZFHSE S &,
d . .
aPpI (x.t) = JOYPp' (x,t) + 1(t)p(x. 0)

THb, Op(x,0)=0%KET B L,

d “
%Ppl(x,t) = J(t)Pp'(x,1)

11

(1.96)

(1.97)

(1.98)

(1.99)

(1.100)

(1.101)

(1.102)

(1.103)



Thbo, HH o2¥xx £ T,

%Pp[ (x.t) = —iPH{ (t)Pp' (x, 1) — iPH{ (t) /0 s QR (PP (. 1) (1.104)
b, ZIT,
PHI(t)=0 (1.105)
EIRET D &
%pr(x,t) = —iP /Ot ds HI () HL (s)Pp (x, 1) (1.106)

L7325, T (1.80) D Redfield HERIZHIET 5,
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2 EFVARAY—FABRADRINGQEH : Coarse-graining approximation
ZDOpdf DEARIE, FEAL 1] D5DHEKTH 2,

We consider system S weakly coupled to several baths. The total Hamiltonian is given by

H(o/(t) = Hs(as(t) + ) _[Hy(ah(t)) + Hsplasy(t))]. (2.1)
b

Hg(ag) is the system Hamiltonian and g denotes a set of control parameters of the system. Hp(ay)
is the Hamiltonian of the bath b and aj is a set of control parameters. Hgy(asp) is the coupling
Hamiltonian between S and the bath b, and agy is a set of control parameters. We suppose that the
states of the baths for b = 1,2, - , nc are the canonical distributions and these for b = nc+1,--- ,ng+
ngc are the grand canonical distributions. We denote {1,--- ,nc} and {nc +1,--- ,nc +ngc} by C
and G. We denote the inverse temperature of the bath b by S, and the chemical potential of the bath
be G by . ap denotes B for b € C and the set of 5, and By, for b € G. We symbolize the set of all
control parameters (ag, {osy s, {04}, {0 }5) by @, (as, {asp}e, {ag}s) by o, {eg}s by o, (o, o))
by ap, and {ap}p by ap. While o are dynamical parameters, o are thermodynamical parameters.
We denote the set of all the linear operators of S by B.
The modified von Neumann equation is

& pX(1) = ~ilH(D), 7D (22)

def def

Here, [A,B], = AyB—BA_, and A, = ! LuX0uOu/2 fo=132,X0,0u/2 e suppose

p(0) = ps(0) @ pis (5 0)), (2:3)
where
pp(a5(0) = &) pp(as(0)) (2.4)
b

THYH, beCITRLTI
polan(0)) < OB 7,0 0)), (2:5)
Zy(op) ' TrylePrl(d)] (2.6)

THH, beGITHUTIE
po(en(0)) S e POMGO) 10O /2, 0 0)), (2.7)
Zy(an) € Tple PG 0] (28)

TH 5, Try denotes the trace of the bath b and N, (b € G) is the total number operator of the bath
b. Then,

pX(0) = ps(0) ® > Pyo,1p8(eB(0)) Py, (2.9)
{ov}

obeys. We suppose [Hy, Np] = 0. We suppose that O, commute with H, and Ny:
(O, Hy] = 0, [Op, Ny = 0. (2.10)

13



Then, P, commutes with pp(ap(0)) and

pX(0) = ps(0) ® p(as(0), (2.11)

holds.
We defined

def
pX(1) % Teplp¥ (1)), (212)
which provides the generating function
Z:(x) = Trs[py(t = 7). (2.13)

Trp denotes the trace over all baths’ degrees of freedom. We assume p(t) =~ pg(t) ® pp(ap(t))
(0 <t <), where

pplan(t) © Q) pplon(t)). (2.14)
b
. e~ P OH (1) / 7, (cy (1)) becC
prlan(®) = { PO -ON] 2, (ay (1) b e G (2.15)
and
ps(t) = Trglp(t)): (2.16)

First, we introduce the coarse-graining approximation (CGA). An operator in the interaction picture
corresponding to A(t) is defined by

Al(t) = US(£) A()Uo(1), (2.17)

with

W) _is(as(0) + Y Hlohe)IUo(e). 218
b

and Up(0) = 1. The system reduced density operator in the interaction picture is given by

pg(t) = Trp[p"X(t)), (2.19)
where
PP () = UJ(0)pX () Uo (0). (2.20)
plX(t) is governed by
WO igat (0,0 21
with
Hiy < Z Hegp. (2.22)
b

14



Up to the second order perturbation in Hj,, we obtain
pIX(t+70a) = p"X(D)
t+71ca
[ au [ as Tea{ o (), o pnlen ()]}
= pIX(1) + rog L (DpTX(8), (2.23)
using the large-reservoir approximation
pIX(t) = p"X(t) @ pp(an (1)), (2.24)
and supposing
TrglHL (w)ps(as(®)] = 0. (2.25)

The arbitrary parameter 7cg (> 0) is called the coarse-graining time. The CGA [2, 3] is defined by

&0 (1) = LY., (19 (1). (226)

In the Schrodinger picture, (2.26) is described as

dp(t) _
dt

—i[Hs(as(t) )] + Zcb ree () pX(1). (2.27)

At x = 0, this is the Lindblad type. If 7cq < 7, the super-operator Eg‘ e is described as a function
of the set of control parameters at time ¢. oy = «(t) is the value of « at time ¢. In this thesis, we
suppose

Tog L T (2.28)
Moreover, 7o should be much shorter than the relaxation time of the system, 7g:
g K TS (2.29)

For the adiabatic modulation, 7¢ < 7 should hold, then 7cq <« 79 < 7 holds.
In general, the FCS-QME is given by

dpg(t) _

o —i[Hg(as(t) )] + Z LX(t (2.30)

with the initial condition

pX(0) = ps(0). (2.31)

E?f (t) describes the coupling effects between S and the bath b and depends on used approximations.
In this thesis, we suppose

£X(t) = £ (o). (2.32)

The Born-Markov approximation without or within the RWA and the CGA satisfy this equation.
Then, the FCS-QME is given by

dpy(t)

2 = KX ()i (0). (2.33)




Here,

KX(a)e = —i[Hg(as), o] + > _ LY (a)e, (2.34)
b

is the Liouvillian. Here and in the following, e denotes an arbitrary liner operator of the system.
In general, the interaction Hamiltonian is given by

Hgp(agp) = Z Sy, (cusp) Z Rb ulasp) Sbu (2.35)
I

Here, sp,, is an operator of the system and Ry ,(asp) is an operator of the bath b. We suppose

Ty [y (cw(t)) R, (csp(s))] = 0, (2.36)

corresponding to (2.25). Then,

TrB{[ (), (L (9), <>pB<aB<t>>] )
<SI Sb,u ( )Trb[R (U)Rb,ux( )pb(ab(t))]

sbm X(#)spl (w)Tro[RE, \ (s)py(cn(B) Ry, _ (u)]
—sh, (W)pg X (t)sy,! () Tro[RY ,  (w)pu () R, _ (5)]

I 1
+0§ (t) sy, (5) 58, () Trs o (an(t)) By}, () Ri,, X(U)]) (2.37)
holds. In the calculation of Try [RbTV L (u )Rl{’ ux(8)p(an(t))], the values of the control parameters can

be approximated by a;. Then, we obtain

Tro Ry, ()R, (8)p6] & TrolpyR] (1 = 8)Ro ] = Copu(u — s), (2.38)
Trg Ry o ()R, (w)] = TrolppR), o (u = 8)Ro ] = O, (u—s), (2.39)
Trb[RbVX< >prbM O] = TR, (s = u)Ry,] = O (s = w), (2.40)
Teplpp Ry, (5) R, (w)] & Tro[ppR)} (s — w)Ry] = Ch (s — u), (2.41)
with
R}, (v) = e"herVR (agy(t))e Helon®e, (2.42)
Here, py = py(p(t)) and Ry, = Rw(ab(t)). Then, (2.37) becomes
Tep{ [Hiy (w), [k (5), p <>pB<aB<t>>] i)
-XX (51058, (5)P5 (Do = 5) = b, (5) X (D51 (W) 0 — 5)
=
—shy (W p§X ()shh (1O, (s — w) + X (O3} (5)5h, (W) Chpu(s = ) ) (2.43)
and
Ly oo (ae) o
_ _Tcle :HCG du /t " ds Hz; (sh0 . 0)55,(5.0) @ o a — 5)
—sp,(s,) @ sy} (u, )CY, (u — 5)
—sh (u,t) & 531 (5,6) O, (5 — w) + @531 (5, 1)L, (1, 1)y (5 — u)), (2.44)
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holds. Here,

shu(s:t) = Us()UL(s)s0Us () (1),

(2.45)

and Ug(t) is the solution of dUCi(t) = —iHg(ag(t))Us(t) for Us(0) = 1. In the calculation of slfﬂ(s,t),

the values of the control parameters can be approximated by ;. Then, we obtain

iw(s—t)
sbu s,t) Ze sbu w),
S Z ezw u— t) 8 ]
bl/ b

Here, the eigenoperator s, (w) is defined by

pr Z 5wmn,w’Ena <En7T’3bu|Ema ><Em75’a

n,m,r,s

with wyn = By — B, and
Hg|E,,r) = E,|E,,T).

r denotes the label of the degeneracy. w is one of the elements of

{wmn| (En,r|spulEm, s) # 0 . spu(w) and w depend on ag. The eigenoperators satisfy

Z Sbu(W) = Sppus

w

and

[Hs, spp(w)] = —wsp(w).

Then, we obtain

1 t+1ca

t+7ca
EzTCG(oz)o = —-—— t du/ ds ZZG u—s)

v w,w’

x({ Estu ()] 50 () @ o = 9)

— 5ty () @ [0, (W)]T O, (1 — s)}e—w(s—t>em'<u—t)
) o I (@] O (s — )

+ @ [0, ()] 560 (0) Cpa (s — u)}eiw'(s—t)e—iw(u—t)>_

In last two terms, we swapped p and v. 0(u — s) is the step function.
Now, we introduce

def iQu
w0 [ aucy, e,

Then,

/ du G, (W0 = o / du / a0 B, (@) i

—0o0

1 P

— _ s X

- = dQ [ms(ﬂ w) = i O}, ()
1

= §<I>?,‘W( W) = LB, () = 2N (w),
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(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



holds. Here, P denotes the Cauchy principal value and

def P [ (ID?;C,V (Q>
\I/l)f’w(w) = / dQ 7Qﬁw ,
v
2

m
def 1

N .
(I)g),VLX(Q) = §(I)?)C,Vy(w>I Uy (w)

b,vu
(2.54) leads

(+)x
oo P Q)
X — _5) = —bvp N —iQ(u—s)
Chyplu = 8)0(u — s) —/_Oon o € .
Similarly,
(—)x
oo d Q) .
X _ _ _ by iQ(u—s)
Chpp(s —u)f(u—s) = /_OOdQ 5 ¢ ,

holds. Then, we obtain

1 t+71ca t—i—’l’cg
Erealete = ——— [ [T [T Y

-
CcG r o

x ({[sbyw’)ﬁsw(w) o)) (Q)

st (w) @ [s ()] T 1X(2) e i) i ()

= sp) o [sn ()] 00)X(2)

+e [Sby(w/)}TSbu(W)@l();L(Q)}eiQ(u_S)eiUJ/(S_t)e_iw(u_t)>,

with <I>£ l/)u CIJZ()iVLX . The integrals for u and s are performed as
t+1ca . ., . . ’
/ du e—zQuezw (u—t) _ TCGe—ZQt—z[Q—w ]TCG/QSiHC([Q N WI]TCG/2)7
t
t+71ca . )
/ ds ezQse—zw(s—t) = Teqe th-H[Q UJ]TCC;,/2SIHC<[Q W]TCG/2)
t
then
—i(w—w')/Tcg oo
ﬁb TCG Z Z / ds ([SbV (WI)]TSb“ (UJ) b (I)I(le_/)ﬂ(ﬂ)
Y ww! >

— sty (w) @ [s(w >]*<I>§,t12<<9>
— () @ [, ()] Y (Q) + s ()]s ()2, ()

Q=W . [Q— w]Tee
sinc 5 ,

X Togsine

holds. Here, sinc(z) = sinz/z. The above equation can be rewritten as

‘CZCTCG(O‘). = _i[hbTCG( a), ]+Hb TCG(O‘)'v

I (0)e = 30 [ (s ) )]

w,w! v
1
_§q)b,/u/(7_CGa W, w,) b [Sbu(w)]stl/(w/)

3@ ulro, o) s o () o
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(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)



with

hp,re (@) = —% D> Wy (7o, w, )b (@) s ().

w,w’ Y

Here,

XX(1cq,w,w'’)

(w—w)Tcg/2 foo O_ 0O_
— 627T/_OOaZQXX(Q)TC(;sinC(TCG(2 w))sinc(TCG( 5 w))’
with X = @y, - Moo = 105, |, g is the Lindblad type. By the way, from

[Cb,,uu (t>] * = Cb,uu ( _t) 5

relations

[(Db,w/(Q)]* - (Db,lfu(Q)a

and [, (Q)]* = ¥,,(Q) hold. Then,

[(I)b,,uu (TCGa w, w/)]* = q)b,uu (TCGa wla w),

holds.
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(2.65)

(2.66)

(2.67)

(2.68)

(2.69)



3 [EERFEELL (RWA)
Born-Markov il & F~ A X — HENIE. MEERHEGT.

5% 00
dpsdt(t) = /0 ds Tep{ [Hiy (1), (i (t = 5), 5 )p (s ()] } (3.1)

Thd, HHRONINV =7 UDRFIZ L oW E, ZDO4AU% eigenoperator % > TH &,

W=t s ! (3.2)
LIEBIL7ZE DM, FHEMEAEGTOREERGEE (RWA) TH D, ThEval —T 1 U H—f#FHRIBEL
7ZEDNPRWA TH S, HHRD NIV b=7 UHRIZ XK 256D RWA & IiX 1725 5 5, EHZRD N
SN T U & S5 WEEEIZIE, RWAIXCGA Trog 00 & LD e —8T 5, &oT,
HEHRDONIV N =7 UHBRMIZ L 555D RWA 2, CGA T 1cq — 00 (TCG . minwgw/ |UJ —w’] > 1)
U726 DE UTEHKT %, In this limit,

q)Z(MV(TCvaaw ) (I)??(/u/( )50.),0.1” ‘I’Zi,w(TC@W,W ) \IIZCM,/( )5w,w/7 (33)
hold because of the fact that

Q- Q-
lim Tc(;sincTCG( 5 w)sincTCG( 5 w) =278, 0(Q — w). (3.4)

TCG—00

If Hg is time independent, this RWA is equivalent to usual RWA. £ () is given by
L (a)e =TI (o) @ —i[hy(v), o], (3.5)

where hy(a) is a Hermitian operator describing the Lamb shift. Hr,(«) e > ho() is called the Lamb
shift Hamiltonian. II}(«) and hy(cr) are given by

-—ZZ[ X (@) 50, (w)  [s3 (@)]1

—;q)b ) ® 30 )) s (0) = 3 @00 ) s () o |, (3.
-3 ZZ 1 (©0) [500(w)] s (). (3.7)
w oy
Because of (2.51), hy(a) commutes with Hg(ag):
[hp(), Hs(as)] = 0. (3.8)
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4 Born-Markov 3E{l

We denote £ in the Born-Markov approximation by £X From (3.1) and (2.43), we obtain

b(BM)*
£§(BM) = _/0 ds Z (szysﬁu(t 5,t) @ Cppp(s) — s,{u(t s, )osbyCli‘W( s)
M7
st @ 5y (¢ — 5, 8)CX, (—s) + o5yl (t — s,t>sbycb,w(—s)>. (4.1)

Chp,(s) damps exponentially as e~ Is/™ where 7, is the relaxation time of the bath b. Then, in the
calculations of sgu(t —s,t) and sél(t —s,t), the values of the control parameters can be approximated
by ag(t). Then, we obtain

sbu Zemssbu ), sb# Ze 5[ Sp (4.2)

and

E?)((BM). = —/ ds Z Z ({Sbysbu Cb,zzu(3> — Sbu(w) ® szycgyu(s)}eiws

wy w

+{ = st @ Lo @) CY, (=) + 50 ()] s oy () fe 7). (43)

/ dS Cg(yu zws / dS/ Q 7@2{]/“(9) i(w_Q)s
0

- /_oon %[wa(g—w)—ng

= o (w), (4.4)

Here,

@fw(Q)

and
> X —iws _ g(—)x
/0 ds Cy ,,(—s)e =P 0 (W), (4.5)
hold. Then, we get

£;7<(BM) o Z Z (Sbﬂsby gu)v( ) — Sp(w) @ Szuq)l(’ji)’jx (w)

wy w

s @ [sb,x >1*<1>§,HLX< )+ olisnu (@), @), (@)

Here,

‘Clczb(gM) =75 Z Z ((I)b,,uu Slmsbu( ) L4 —@iuy(w)sby(w) ° SZ“

wy o w

_(I)?)(W(w)sbv ® [Sbu(w)]T + Pp (W) © [Sbu(w)]TSbu), (4.7)

‘Cl‘zlj(gM) =5 Z Z <‘I’b,,u1/ Sbusby( ) 4 —\I/wa(w)sbl,(w) ° SZN

wy w

+\Ijb uy( )Sbl/ b [Sb#(w)]T - .‘I]b,yu(w)[sbu(w)]TSby> . (48)
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5 BHpa®k

In this section, we consider b=nc + 1,--- ,n¢ + ngc. Now we suppose

Hgy(asy) = Y alBoa + 1.0, Boo = > Vikoalass)cso (b€ G),

k,o

where a, and ¢y, are single-particle annihilation operators of the system and of the bath b.

5.1 CGA
Using
Ty [y Bio (t') Big(t")] = 0 = Ty [p By (¢) By ("),
we obtain
LY oo (@)0 = —illnreg (@), o] + T (o),
I8 o (@)e = D237 @ (e w)asle) ¢ lea(w)]
ww' a8
3 B0 @, ) o [00(@)] a5 ()
2y (76,06 an)] s () o
+ (106, w,w)ag(W)]' 0 aq(w)
2B (06w, ) @ aa()as(@)]
28] (06w W aa()as@)] s ]
and

- ZZ[ Uy 5706, w, 0 aa (@) Tag(w)

ww' a,fB
1
+§\I/;a6(70(;, w,w)aq(w) [afg(w’)]Jr

The eigenoperators a,(w) are given by

Z Owrmn o By 1) (Ens Tl aa| Em, $) (B, 8]

n,m,r,s

w is one of the elements of {wyn| (En, r|aa]|Em,s) # 0 2a}. aq(w) satisfy
Z o (W) = g,

and

[Hs, aa(w)] = —waa(w), [Ns,ta(w)] = —aa(w).

Ng is total number operator of the system. Here and in the following, we suppose

[Ng,Hg| = 0.
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(5.1)

(5.2)

(5.6)



If ngc = 0, existence of Ng and the above equation are not required. In (5.3) and (5.4),

Xi’X(Tcg,w,w/)

+i(w—w)Tcg/2 oo 0_
6T / dQ) Xi’X(Q)TCGsinC(w

To6(§ — W)y

)sinc( 5

(5.9)

and X*(roq,w,w’) = Xi’x(rcg,w,w’)}xzo. Here, X*X(Q) denotes one of @izﬁ(ﬁ), \Iflfg%(ﬁ), where

w .
B0 = [ duTlnBl, (0Bl (5.10)
®,5(Q) = /_ du Try [ BY}, _y, (w) Bygle ™™, (5.11)
o Bs()
:tvx dﬁf P !/ b,Oéﬁ
Uy 05(0) = W/oon o_-q (5.12)
We set {O} = {Np}veg + {Hp}p, where
Ny = Y chypCoro- (5.13)
k,o

Whenever Hy is an element of {O,}, we suppose «; are fixed. We introduce the eigenoperator
Bua(%) = > 00y, Boms 7Y En 7| Boal Eomy ) Eoum, (5.14)
n,m,r,s

with Qp ymn = Epm — Ep, and Hy|Ey p,,7) = Ep | Ep oy, 7). 7 denotes the label of the degeneracy. €2, is
one of the elements of {Q yun| (Epn, 7| BbalEbm,s) # 0 3a}. The relations

Z Bba(Qb) = Bbon (5.15)
Qp
and
[(Hp, Boa ()] = =% Bpa (), [No, Boa ()] = —Bpa () (5.16)
hold. Then, we obtain
Bl{a,—Qx(u) = ZBba(Qb)e_igbu+iXHbe+iXNb, (517)
Qp
Bgi,—gx(u) = Z[Bba(Qb)]TeiQ”“_iXHbe_iXNb, (5.18)
Qp

and

®, () = 21y G(Q — Q)X XN Ty (9, By () B )

Qp
= XN, O Z (2 — Q) Try(ppBra () [Bos ()]1), (5.19)
Qp
y25(2) = 2m Y 5(Q — Qy)e X=X Ty (py [ Byo ()] Byg)
Qp
= e_iXHbQ_iXNb 2 Z (5(9 — Qb)TI‘b(pb[Bba(Qb)]TBbg(Qb)). (520)
Qp
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Here, we used (5.15) and Trb(PbBba(Qb)[Bbﬂ(Qg)]T) =0and Trb(pb[Bba(Qb)]TBbﬁ(Qg)) = 0 for Qb 75 QZ

Then, we obtain

pEx (Q) = eTxm 2ixn,) ot

b,af b,aﬁ(Q)’

with & 5(Q) = &,75(Q)] _, and

Uy s = QZPle_QTrb(PbBba(Qb)[BbB(Qb)]T)7

T —2213

q Tl (Pb[Bra ()] By ().

@:aﬁ (Q) satisty

[(I)l:)taﬂ(Q)]* = @étﬁa(g)
@ljaﬂ(g) — e Pe(O— Mb)(I)b*’ﬁa(Q).

The latter is the Kubo-Martin-Schwinger (KMS) condition. (5.25) is derived from
PbBpa () = =1 By () py (derived from (5.16)) and (5.19) and (5.20).
Here, we suppose the free Hamiltonian of the bath b:

Hy(oy,) = Z Ebkor () Chlors
k,o

and {Oy} = {Nis }pe with
Npo = Zczkgcbkm
k

In this case, o can depend on time and

(I)I;g(ﬁ(g) =27 Z ‘/bka,avl-;;m,gF; (Ebkg)eiXb”5(€ka — Q),
k,o
‘I)ngg(ﬁ) = QWZ Viko.aVoko,aFy (Ebko)e™ X078 (e — Q),
k,o
* — ; 1
v, a>§3( ) = 2Z%ka,a%kgﬁFb (gbko)eZXbUPﬁ’
k.o bko
— 1
T 2() = 23 Vil Vikos By (eano)e 7P,
k,o bko

(5.21)

(5.22)

(5.23)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

hold. yp, denotes the counting fields for Ny,. If the baths are fermions, F," (¢) = fy(e) e [exp(By (e —

) + 1171 and Fy () =1 — f,(e). If the baths are bosons, Fy' () = ny(e) dof lexp(Bp(e — ) —

and Fy (e) = 1+ ny(e).
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5.2 RWA

For (5.1), II} () in (3.5) is given by

o = 33 [# 25 @)as(e) o laa(@) — 5P 05) @ [aa(@)]as(w)

w a,p
~3Prapl@)aa (@) asw) @;23;( W)las(@))' @ aa(w)
5 Blas) e au@las(@)]| = 50 @ae@)as(w)] o |

The Lamb shift is given by

)= 2 (5 s @laa@)as() + Uy (@aa(@)as@)]).

w a,f

The second equation of (5.7) leads

[hw(), Ns| = 0.

5.3 Born-Markov iT{l

For (5.1), we obtain

e = 5 300 (2 p(@)ihase) o~ 2 (@)as(w) o o]
a,f w
0, 2 (@)ap o [aa(@)] + pas(w) o [aa(@)]fag
10 5(@)aafas(@)] o ~ 0 (@)las()] o aa
0, 5 (W)aly ¢ aa(w) + O, 4(w) @ aa(w)a),

and

1 _ _
ﬁql(gM) 3 Z (\Ilbﬂﬂ(w)al;aﬂ(w) ° —\Ifbgﬁ(w)ag(w) eal

N(wag e [aa@)]" =¥, 5(w) @ [aa(w)]Tag
— U p(Waalag(W)]' ‘+‘I’b+a>fg( Jas(w)]l e aq
_\IIZSB(LU)CLE o a,(w)+ \Ilb,aﬁ( w)e aa(w)aE).
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(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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