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Abstract

We explain the generators of transformations in relativistic field theory.
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1 Belinfante tensor

We consider a action

sz/wwcwﬁawﬂ (1.1)
and the Poincaré transformation

ozt = wh z¥ + ¥, (1.2)

S = S (S (13)
Here, w,, = —w,, and (S‘“’)AB determines the infinitesimal transformation of the field z/JB . a* and wy,

are infinitesimal. Belinfante energy-momentum tensor is defined by

T = @M — g, fHov (1.4)
where
oL
OH = ——— 9 — 6L 1.5
0,0 Y (15)



is the canonical energy-momentum tensor and

Pt = 5 (G 57+ e (5 = ey () ) (16)
froY = — f9¥ holds. We introduce
Glo) = — / do, T (Wt + ay). (1.7)
Here, o is a hyperplane. We also introduce
P"(0) ::/dau ™ (1.8)
TN (o) 1= / do,, ("2 — T, (1.9)
Then, we have
Glo) = ~[P"(0)a + 57N o)) (1.10)
We introduce
V= g (1.11)
mA =D, (1.12)
P"(t) := P"(0y) = /d% T, (1.13)
JAt) == J"Moy) = / Bx (T2 — T z). (1.14)
P¥(t) is given by
Pr(t) = /d3m (©% — 9, fo7)
_ /d% (O — gy fOkv)
= /d% 0% =: P¥(t). (1.15)
JYA(t) is given by
JVA(t) — /d% (QOVx,\ — 0¥ — g, O 4 6Uf00)\xu)
_ /d3x (@01/93)\ _ QW _ 8kf0kyx)\ + akak)‘x”)
= / dPx (0%t — 0Ma” + ooy — fORNGY). (1.16)



Then,

and

Thus, we have

Here,

Thus, we have

We put

JZ] /d3 @OZI'] @0]27 + fOklé] fOk](sz)

— /d3a: (@le_] . (_)ijl + fO]z o fOl_])

JO]( ) /d3 (@()Ol,j _ @ijo + fOkO(Si _ fOk](Sl(c))

_ /d3x (@ooxj — QU0 4 p0I0 _ fOOj) (- FOOX 0)
JV)\(t) — /d?’x (@OVx)\ _ @OAxV + fO/\u _ fOI//\) —. jl/)\(t)'
1
7R i = S (P05 B+ (M) — PA(S™)
= P4(S™) G = DA + P () )P
_ pi(SVA)ABwB'

Jl//\( ) /d3 (@OVZU)‘ _ @O/\xu _ WA(SV)\)ABd)B)-

5 1-
G(t) = —[P"(Hay + 57 (B)wna]
1
— / d3z (@Ol’a,, + 0% o\ — WAiqu(SV)\)ABibB)

_ / B (— 0° 5 + MSW‘).

2 General theorem

2.1 General theory

For

we prove [1, 2]

G(t) = /dgzn < —0° dz” + 7TA5¢A>a

G(t)} = oy,
o6yB
G(t)} = _WBW

— Oy abz! — A0k (62") + Ok (92°)phy — 02°[L] A,

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)



Here,

O F(x) :=0F — 62+, F, (2.4)
oL oL
[L]a = awA—aua(auwA). (2.5)

We assume that dz* is independent from ¥* and 74, and §1) is described by only ¥4 and parameters.
First,

(W@, 60} = {w@), [ &y (- 6wy + mal)ov ()}
= [y (@), % Wy + (@) )P ). (26)

Here,
(¥ (), 75 (y)} = 0503 (x — y), (2.7)
{v4(2),0% ()} = {v*(2), 75y (") (y) — 60L(y)}
= 3z — y) (0,0 ) (@) + m(y) (¥ (2), (0.07)(y)} — 6o{y(z), L(y)} (2.8)

and
{v4(2), () (y)} =0, (2.9)
A _ 0L(y)
B A
) 6[% ( ) )(y)} ) 6[% ( ) gyn
B
- WB(y)‘S[(?:i (;n;y)]' (2.10)
Then, we have
, 51(00”) ()
(WA@.G0) = 504 — 520 + [ 'y (59°lmas) — mp()] G
_ 5¢A —zv VwA
= o™ (2.11)
Next,
(ma(e),G(0)) = {mata), [ &y (- )" + ma)6"(w) }
= [y (= {ral), 0%, W0y + ma(w){ma(e). 567 () )
_ / Py {ma(@), ()07 (1) }5y” + / dy 60{malx), L(y)}oy"
B
— WB(x)aEiZJA
_ / &y 7 () A (@), (007 () 5y + / @y 60 mala), L(y)}oy"
B
- WB(x)%. (2.12)



Here,

- / By mp(y){mal@), (O F) )}y =

and

Thus, we have

)
= —5.@0% —/d?’y 5y0p%<y) 0 6¢ (y)

= -z

- / By w(y){ma(@), (O P) () 1oy

- / &y wp(y) {ma (), (900" () oy
= /dgy WA(y)csyk({fy,ﬁ?’(w —y)

- / By w(y) {ma(), (9007 (y) oy
[0 ?) ()] 5y

—Op[malz)dzk] + /d3y 5(Y) [(51/1A(x)

dL(y)
‘/ KT

— _&ﬁ)% _/dSy 5y0p‘é( ) [ M/JB](ZJ)

oA (@

Oy* d1pA(x)

B
- /d3y 5Z/O7TB(?J)6[§?;i(]()y)

+ g [62°ply ()]

3[00v "] (y)
opA(z)

0 0L
wA

- /dSy 5y’mB(y)

(2.13)

(2.14)

(2.15)

(2.16)

oL % oL i
{ma(z),G(t)} = A Op[madz®] — 5:,:0(,}17/4 + Ox[02"phy]
a5yB oL
= —Th g~ R A0z — a0 (02") — 620 == 54 + O (32°)p", + 5209 p"
008 oL
= —FBW — Dumadxt + 6200y a — ma0k (52") — 52 oA + 0 (52°)p + 6%, p"
861:[)3 o k 0y, .k
— _WBW . aMﬂ'A(SCL‘ — WAak((Sx ) + 8k(51: )pA — 6z [[']A-
2.2 5L7TA
Assuming
('
L B4) = £(6.0,0) = (),



we will show that

6B

dmy = _WBEMZL‘ — w0k (52") + 01 (32°)py
961"

= —”BaffA — 740 (62") + 9,,(52°);

Then, we have
{ma(x),G(t)} = dpma — 62°[L] .
We derive (2.17). From (2.16), we have
L= LW, 0,4") = L~ 0u(0z")L + dux.

Then,
Spth = oL’ _oc
o0 4)  0(0uyH)
A(0uy"”)

= vl gy L~ 0]~ 4

Because of
Spdup et = 0,617,
we have
60,0 = 510, + 627 8,0,9"
= 9, (3™ — 62 9,9 + 627D, 0,7
= 909" — 0,(8a") 9"

D504
_ (MBJB — 9,(52") 0,

and

O’ = ol y'P — 60,47
851/13
8¢C IL(
0698
oYC

_ 8}21//3 wC’ 5&?”)8wa

_ o/ /B /
=007 — 0,0
Thus, we have

A\ SV
8(8,’,@0“‘) #3¢A +6 Ou(d27)0%.

Then, we have

' , 000"
Ity = PEIORS — 3L

+ pfflau(éw”) — P40, (0z").

+ 040, (62")][1 — 0x(0a™)] —

L 95yP

For v = 0, it becomes (2.17).

+ 0 (62")0L'P + O(67).

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



3 Poincaré algebra

3.1 General theory
(2.3) was

958

Dot D adx” — A0k (62 + Bk (32°)phy — 02°[L] a.

{ma(z),G(t)} = —7p

For the Poincaré transformation, it becomes

1
{ma(z),G(t)} = —5%/3773(50‘5)3,4 — Oumalat + wha”) + wOpf — (a° + wa®)[L]a.

From the above equation and

1
{v4(2),G(t)} = —§wuu(5’”)AB¢B — (" + wha") O,
we have
{7/JA,P;4} = 8}L¢A7
{74, PM} = 0yma + (52[[,]A,
[, 70} = (54) 440 + (20" — 20y,
{ma, JH} = (S’“’)BAWB + (2O — aH 0" )y + AZ”.
Here,
A =0,
AY = ply — 2" [L]a.
We have
{Pi’ Pj} =0,
{Jijjpk} _ nikpj o njkpi’
and
(P, ]} = kP
3.2 On shell

Using the EMO([£]4 = 0) and
0,0" =0,
we have

{Po, P;} =0.

(3.1)

(3.2)

(3.10)
(3.11)
(3.12)

(3.13)

(3.14)

(3.15)



Using the EMO and 0, 7" = 0 and

ONMAMY = THY _ TV — (), (3.16)
MY = ghTAV _ v AR (3.17)
we have [2]
{Py, J7} =0 (3.18)
and
{Py, JOk} = P*, (3.19)

In the general theory, we can not calculate {J%, J%} and {J%¥, JO%} [2].
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