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Abstract

We explain the generators of transformations in relativistic field theory.
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1 Belinfante tensor

We consider a action

S =

∫
d4x L(ψA, ∂µψ

A) (1.1)

and the Poincaré transformation

δxµ = ωµ
νx

ν + aµ, (1.2)

δψA =
1

2
ωµν(S

µν)ABψ
B. (1.3)

Here, ωµν = −ωνµ and (Sµν)AB determines the infinitesimal transformation of the field ψB. aµ and ωµν

are infinitesimal. Belinfante energy-momentum tensor is defined by

Tµν := Θµν − ∂σf
µσν (1.4)

where

Θµ
ν :=

∂L
∂(∂µψA)

∂νψ
A − δµνL (1.5)
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is the canonical energy-momentum tensor and

fµσν :=
1

2

( ∂L
∂(∂µψA)

(Sσν)AB +
∂L

∂(∂σψA)
(Sνµ)AB − ∂L

∂(∂νψA)
(Sµσ)AB

)
ψB. (1.6)

fµσν = −fσµν holds. We introduce

G(σ) := −
∫
σ
dσµ T

µν(ωνλx
λ + aν). (1.7)

Here, σ is a hyperplane. We also introduce

P ν(σ) :=

∫
σ
dσµ T

µν , (1.8)

Jνλ(σ) :=

∫
σ
dσµ (Tµνxλ − Tµλxν). (1.9)

Then, we have

G(σ) = −[P ν(σ)aν +
1

2
Jνλ(σ)ωνλ]. (1.10)

We introduce

pµA :=
∂L

∂(∂µψA)
, (1.11)

πA := p0A, (1.12)

P ν(t) := P ν(σt) =

∫
d3x T 0ν , (1.13)

Jνλ(t) := Jνλ(σt) =

∫
d3x (T 0νxλ − T 0λxν). (1.14)

P ν(t) is given by

P ν(t) =

∫
d3x (Θ0ν − ∂σf

0σν)

=

∫
d3x (Θ0ν − ∂kf

0kν)

=

∫
d3x Θ0ν =: P̃ ν(t). (1.15)

Jνλ(t) is given by

Jνλ(t) :=

∫
d3x (Θ0νxλ −Θ0λxν − ∂σf

0σνxλ + ∂σf
0σλxν)

=

∫
d3x (Θ0νxλ −Θ0λxν − ∂kf

0kνxλ + ∂kf
0kλxν)

=

∫
d3x (Θ0νxλ −Θ0λxν + f0kνδλk − f0kλδνk). (1.16)
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Then,

J ij(t) =

∫
d3x (Θ0ixj −Θ0jxi + f0kiδjk − f0kjδik)

=

∫
d3x (Θ0ixj −Θ0jxi + f0ji − f0ij) (1.17)

and

J0j(t) =

∫
d3x (Θ00xj −Θ0jx0 + f0k0δjk − f0kjδ0k)

=

∫
d3x (Θ00xj −Θ0jx0 + f0j0 − f00j) (∵ f00λ = 0) (1.18)

Thus, we have

Jνλ(t) =

∫
d3x (Θ0νxλ −Θ0λxν + f0λν − f0νλ) =: J̃νλ(t). (1.19)

Here,

fµνλ − fµλν =
1

2

(
pµA(S

νλ)AB + pνA(S
λµ)AB − pλA(S

µν)AB

− pµA(S
λν)AB − pλA(S

νµ)AB + pνA(S
µλ)AB

)
ψB

= pµA(S
νλ)ABψ

B. (1.20)

Thus, we have

J̃νλ(t) =

∫
d3x (Θ0νxλ −Θ0λxν − πA(S

νλ)ABψ
B). (1.21)

We put

G(t) := −[P̃ ν(t)aν +
1

2
J̃νλ(t)ωνλ]

= −
∫
d3x

(
Θ0νaν +Θ0νxλωνλ − πA

1

2
ωνλ(S

νλ)ABψ
B
)

=

∫
d3x

(
−Θ0

νδx
ν + πAδψ

A
)
. (1.22)

2 General theorem

2.1 General theory

For

G(t) =

∫
d3x

(
−Θ0

νδx
ν + πAδψ

A
)
, (2.1)

we prove [1, 2]

{ψA(x), G(t)} = δLψ
A, (2.2)

{πA(x), G(t)} = −πB
∂δψB

∂ψA
− ∂µπAδx

µ − πA∂k(δx
k) + ∂k(δx

0)pkA − δx0[L]A. (2.3)

3



Here,

δLF (x) := δF − δxµ∂µF, (2.4)

[L]A :=
∂L
∂ψA

− ∂µ
∂L

∂(∂µψA)
. (2.5)

We assume that δxµ is independent from ψA and πA, and δψ
A is described by only ψA and parameters.

First,

{ψA(x), G(t)} =
{
ψA(x),

∫
d3y

(
−Θ0

ν(y)δy
ν + πB(y)δψ

B(y)
)}

=

∫
d3y

(
− {ψA(x),Θ0

ν(y)}δyν + {ψA(x), πB(y)}δψB(y)
)
. (2.6)

Here,

{ψA(x), πB(y)} = δABδ
3(x− y), (2.7)

{ψA(x),Θ0
ν(y)} = {ψA(x), πB(y)(∂νψ

B)(y)− δ0νL(y)}
= δ3(x− y)(∂νψ

A)(x) + πB(y){ψA(x), (∂νψ
B)(y)} − δ0ν{ψA(x),L(y)} (2.8)

and

{ψA(x), (∂kψ
B)(y)} = 0, (2.9)

{ψA(x),L(y)} =
δL(y)
δπA(x)

= pkB(y)
δ[(∂kψ

B)(y)]

δπA(x)
+ πA(y)

δ[(∂0ψ
A)(y)]

δπA(x)

= πB(y)
δ[(∂0ψ

B)(y)]

δπA(x)
. (2.10)

Then, we have

{ψA(x), G(t)} = δψA − δxν∂νψ
A +

∫
d3y

(
δy0[πB(y)− πB(y)]

δ[(∂0ψ
B)(y)]

δπA(x)

)
= δψA − δxν∂νψ

A

= δLψ
A. (2.11)

Next,

{πA(x), G(t)} =
{
πA(x),

∫
d3y

(
−Θ0

ν(y)δy
ν + πB(y)δψ

B(y)
)}

=

∫
d3y

(
− {πA(x),Θ0

ν(y)}δyν + πB(y){πA(x), δψB(y)}
)

= −
∫
d3y {πA(x), πB(y)(∂νψB)(y)}δyν +

∫
d3y δ0ν{πA(x),L(y)}δyν

− πB(x)
∂δψB

∂ψA

= −
∫
d3y πB(y){πA(x), (∂νψB)(y)}δyν +

∫
d3y δ0ν{πA(x),L(y)}δyν

− πB(x)
∂δψB

∂ψA
. (2.12)
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Here,

−
∫
d3y πB(y){πA(x), (∂νψB)(y)}δyν = −

∫
d3y πB(y){πA(x), (∂kψB)(y)}δyk

−
∫
d3y πB(y){πA(x), (∂0ψB)(y)}δy0

=

∫
d3y πA(y)δy

k ∂

∂yk
δ3(x− y)

−
∫
d3y πB(y){πA(x), (∂0ψB)(y)}δy0

= −∂k[πA(x)δxk] +
∫
d3y πB(y)

δ[(∂0ψ
B)(y)]

δψA(x)
δy0 (2.13)

and ∫
d3y δ0ν{πA(x),L(y)}δyν = −

∫
d3y δy0

δL(y)
δψA(x)

= −δx0 ∂L
∂ψA

−
∫
d3y δy0pµB(y)

δ[∂µψ
B](y)

δψA(x)

= −δx0 ∂L
∂ψA

−
∫
d3y δy0pkB(y)

∂

∂yk
δψB(y)

δψA(x)

−
∫
d3y δy0πB(y)

δ[∂0ψ
B](y)

δψA(x)

= −δx0 ∂L
∂ψA

+ ∂k[δx
0pkA(x)]

−
∫
d3y δy0πB(y)

δ[∂0ψ
B](y)

δψA(x)
. (2.14)

Thus, we have

{πA(x), G(t)} = −πA
∂δψB

∂ψA
− ∂k[πAδx

k]− δx0
∂L
∂ψA

+ ∂k[δx
0pkA]

= −πB
∂δψB

∂ψA
− ∂kπAδx

k − πA∂k(δx
k)− δx0

∂L
∂ψA

+ ∂k(δx
0)pkA + δx0∂kp

k
A

= −πB
∂δψB

∂ψA
− ∂µπAδx

µ + δx0∂0πA − πA∂k(δx
k)− δx0

∂L
∂ψA

+ ∂k(δx
0)pkA + δx0∂kp

k
A

= −πB
∂δψB

∂ψA
− ∂µπAδx

µ − πA∂k(δx
k) + ∂k(δx

0)pkA − δx0[L]A. (2.15)

2.2 δLπA

Assuming

∂(x′)

∂(x)
L(ψ′, ∂′µψ

′)− L(ψ, ∂µψ′) = ∂µχ
µ(ψA), (2.16)
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we will show that

δπA = −πB
∂δψB

∂ψA
− πA∂k(δx

k) + ∂k(δx
0)pkA

= −πB
∂δψB

∂ψA
− πA∂µ(δx

µ) + ∂µ(δx
0)pµA. (2.17)

Then, we have

{πA(x), G(t)} = δLπA − δx0[L]A. (2.18)

We derive (2.17). From (2.16), we have

L′ := L(ψ′, ∂′µψ
′) = L − ∂µ(δx

µ)L+ ∂µχ
µ. (2.19)

Then,

δpνA =
∂L′

∂(∂′νψ
′A)

− ∂L
∂(∂νψA)

= pµB
∂(∂µψ

B)

∂(∂′νψ
′A)

[1− ∂λ(δx
λ)]− pνA. (2.20)

Because of

δL∂µψ
AψA = ∂µδLψ

A, (2.21)

we have

δ∂µψ
A = δL∂µψ

A + δxν∂ν∂µψ
A

= ∂µ(δψ
A − δxν∂νψ

A) + δxν∂ν∂µψ
A

= ∂µδψ
A − ∂µ(δx

ν)∂νψ
A

= ∂µψ
B ∂δψ

A

∂ψB
− ∂µ(δx

ν)∂νψ
A (2.22)

and

∂µψ
B = ∂′µψ

′B − δ∂µψ
B

= ∂′µψ
′B − ∂µψ

C ∂δψ
B

∂ψC
+ ∂µ(δx

ν)∂νψ
B

= ∂′µψ
′B − ∂′µψ

′C ∂δψ
B

∂ψC
+ ∂µ(δx

ν)∂′νψ
′B +O(δ2). (2.23)

Thus, we have

∂(∂µψ
B)

∂(∂′νψ
′A)

= δBAδ
ν
µ − δνµ

∂δψB

∂ψA
+ δBA∂µ(δx

λ)δνλ. (2.24)

Then, we have

δpνA = pµB[δ
B
Aδ

ν
µ − δνµ

∂δψB

∂ψA
+ δBA∂µ(δx

ν)][1− ∂λ(δx
λ)]− pνA

= −pνB
∂δψB

∂ψA
+ pµA∂µ(δx

ν)− pνA∂µ(δx
µ). (2.25)

For ν = 0, it becomes (2.17).
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3 Poincaré algebra

3.1 General theory

(2.3) was

{πA(x), G(t)} = −πB
∂δψB

∂ψA
− ∂µπAδx

µ − πA∂k(δx
k) + ∂k(δx

0)pkA − δx0[L]A. (3.1)

For the Poincaré transformation, it becomes

{πA(x), G(t)} = −1

2
ωαβπB(S

αβ)BA − ∂µπA(a
µ + ωµ

νx
ν) + ω0

kp
k
A − (a0 + ω0

kx
k)[L]A. (3.2)

From the above equation and

{ψA(x), G(t)} = −1

2
ωµν(S

µν)ABψ
B − (aµ + ωµ

νx
ν)∂µψ

A, (3.3)

we have

{ψA, Pµ} = ∂µψ
A, (3.4)

{πA, Pµ} = ∂µπA + δ0µ[L]A, (3.5)

{ψA, Jµν} = (Sµν)ABψ
B + (xν∂µ − xµ∂ν)ψA, (3.6)

{πA, Jµν} = (Sµν)BAπB + (xν∂µ − xµ∂ν)πA +∆µν
A . (3.7)

Here,

∆ij
A = 0, (3.8)

∆0k
A = pkA − xk[L]A. (3.9)

We have

{Pi, Pj} = 0, (3.10)

{J ij , P k} = ηikP j − ηjkP i, (3.11)

{J ij , Jkl} = ηikJ jl − ηilJ jk − ηjkJ il + ηjlJ ik (3.12)

and

{Pj , J
0k} = δkj P0. (3.13)

3.2 On shell

Using the EMO([L]A = 0) and

∂µΘ
µν = 0, (3.14)

we have

{P0, Pi} = 0. (3.15)
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Using the EMO and ∂µT
µν = 0 and

∂λM
λµν = Tµν − T νµ = 0, (3.16)

Mλµν := xµT λν − xνT λµ, (3.17)

we have [2]

{P0, J
ij} = 0 (3.18)

and

{P0, J
0k} = P k. (3.19)

In the general theory, we can not calculate {J0i, J0k} and {J ij , J0k} [2].
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