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Abstract

This note explains the gravitational energy pseudotensor and superpotentials. I mainly
referred to Refs.[1, 2, 3].
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1 General Theory

1.1 Notation and the Einstein Equation

In this article we consider a D-dimensional spacetime, and take the signature of the metric gµν to
be (−++ · · ·+). We also define

Γσ
µν :=

1

2
gσλ(∂µgλν + ∂νgλµ − ∂λgµν), (1.1)

Rµ
λαβ := ∂αΓ

µ
λβ − ∂βΓ

µ
λα + Γµ

ραΓ
ρ
λβ − Γµ

ρβΓ
ρ
λα, (1.2)

Rµν := Rλ
µλν , (1.3)

R := gµνRµν . (1.4)

1



Here,

√
−gR =

√
−gG+ ∂µD

µ, (1.5)

G := gµν
[
Γρ

γνΓ
γ
µρ − Γρ

γρΓ
γ
µν

]
, (1.6)

Dρ :=
√
−g

[
gµνΓρ

µν − gµρΓν
µν

]
, (1.7)

and g := det(gµν). In what follows,

LG :=
1

2κ

√
−gR, (1.8)

L̃G :=
1

2κ
G , G :=

√
−gG (1.9)

where κ is the Einstein constant. Now, we put

Gµν :=
1√
−g

[ ∂G

∂gµν
− ∂λ

∂G

∂(∂λgµν)

]
. (1.10)

Then,

Gµν = Rµν −
1

2
gµνR. (1.11)

Also, we put

Gµν :=
∂G

∂gµν
− ∂λ

∂G

∂(∂λgµν)
. (1.12)

Then,

Gµν = −
√
−gGµν . (1.13)

The action of the combined system of the gravitational field and matter fields (including gauge
fields) is

S =

∫
dDx (LG +

√
−gLmat) (1.14)

Here, Lmat is the Lagrangian density of the matter fields. The Einstein equation is

Gµν = κT µν , (1.15)

T µν := −2
[∂(√−gLmat)

∂gµν
− ∂λ

∂(
√
−gLmat)

∂(∂λgµν)

]
. (1.16)

Here, T µν := T µν/
√
−g is the energy-momentum tensor.

2



1.2 Gravitational Energy Pseudotensor

As shown in §1.3,

∂µG
µ
ν −

1

2
∂νgαβG

αβ ≡ 0 (1.17)

holds. Here, ≡ denotes an equation that holds without using the equations of motion. Similarly,

∂µT
µ
ν −

1

2
∂νgαβT

αβ = 0 (1.18)

is obtained. This expresses the conservation law for energy and momentum.
Clearly,

∂µT
µ
ν ̸= 0. (1.19)

If there exists a quantity tµν or tµν such that

∂µ[(
√
−g)α(T µ

ν + tµν)] = 0 (α = −1, 0, 1) (1.20)

or

∂µ[(
√
−g)α(T µν + tµν)] = 0 (α = −1, 0, 1), (1.21)

then

Pν :=

∫
Vt

dD−1x (
√
−g)α(T 0

ν + t0ν) (1.22)

or

P ν :=

∫
Vt

dD−1x (
√
−g)α(T 0ν + t0ν) (1.23)

is a conserved quantity, as will be shown below. Here, we have chosen a coordinate system
in which t = x0 can be interpreted as time. Vt is the hypersurface on which the time is t.
dD−1x = dx1dx2 · · · dxD−1. We call tµν and tµν the gravitational energy pseudotensors 1) . In the
“telephone directory” (Wheeler, Misner, and Thorne), an energy pseudotensor satisfying (1.21) for
α = −1 is discussed. The Landau–Lifshitz energy pseudotensor in The Classical Theory of Fields
satisfies (1.21) for α = 1. In this article we treat the case in which (1.20) holds for α = 0.

Suppose that a quantity Jµ
r (where r is a label, which may or may not be a tensor index)

satisfies

∂µJ
µ
r = 0 (1.24)

and assume the following:

1)An energy pseudotensor does not transform as a tensor under a general coordinate transformation, but it does
transform as a tensor under the affine transformation (1.43).
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• At spatial infinity, the spacetime approaches Minkowski spacetime asymptotically.

• Jµ
r converges to zero sufficiently rapidly at infinity.

Then,

Qr :=

∫
dD−1x J0

r (1.25)

is constant. Here, the left-hand side is the integral

Qr(σ) :=

∫
σ

dσµ Jµ
r (1.26)

with the surface σ chosen to be the surface Vt on which the time t(= x0). Here, dσµ is the surface
element, and dσ0 = dD−1x = dx1dx2 · · · dxD−1. Let σ12 be the surface that connects the constant-
time surfaces Vt1 and Vt2 (the side surface at infinity). Let Ω be the region bounded by Vt1 , Vt2 ,
and σ12, and set ∂Ω = Vt1 + σ12 − Vt2 . Then

Qr(∂Ω) = Qr(Vt1)−Qr(Vt2) +Qr(σ12). (1.27)

On the other hand, by Stokes’ theorem (Gauss’ theorem),

Qr(∂Ω) =

∫
Ω

dDx ∂µJ
µ
r = 0. (1.28)

Therefore, assuming Qr(σ12) = 0,

Qr(Vt) =

∫
Vt

dσµ Jµ
r =

∫
Vt

dD−1x J0
r (1.29)

is independent of time; that is, (1.25) is independent of time.
Suppose there exists a quantity that satisfies

(
√
−g)α(

1

κ
Gµ

ν + tµν) ≡ ∂λU
λµ

ν (1.30)

and

∂µ∂λU
λµ

ν = 0. (1.31)

Then, by the Einstein equation,

(
√
−g)α(T µ

ν + tµν) = ∂λU
λµ

ν (1.32)

and hence

∂µ[(
√
−g)α(T µ

ν + tµν)] = 0 (1.33)
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are obtained. If

Uλµ
ν ≡ −Uµλ

ν , (1.34)

then (1.31) also holds. A quantity satisfying (1.30) and (1.34) is called a superpotential. Here,
a quantity satisfying (1.30) and (1.31) will provisionally be called a pseudo-superpotential. The
same discussion applies to tµν (in that case, the indices of U become Uλµν).

When a superpotential exists, Pν is

Pν =

∫
Vt

dD−1x ∂λU
λ0

ν

=

∫
Vt

dD−1x ∂kU
k0

ν

=

∫
St

dSk U k0
ν (1.35)

and can therefore be written as a surface integral.
In §1.3, for the Einstein energy pseudotensor

tµν :=
1

2κ

( ∂G

∂(∂µgαβ)
∂νgαβ − δµνG

)
, (1.36)

we give

1

κ
Gµ

ν + tµν ≡ ∂λU
λµ

ν ≡ ∂λ
(0)Cλµ

ν , (1.37)

Uλµ
ν ≡ −Uλµ

ν , (1.38)

∂µ∂λ
(0)Cλµ

ν ≡ 0, (1.39)
(0)Cλµ

ν ̸= −(0)Cµλ
ν (1.40)

with a superpotential Uλµ
ν and a pseudo-superpotential (0)Cµλ

ν .

1.3 Invariant Variational Theory: Derivation of the Superpotential

In this section, we introduce the superpotential by applying Noether’s second theorem.
Noether’s theorem consists of a first theorem for global transformations and a second theorem

for local transformations. The first theorem is used frequently in textbooks on field theory. Major
applications of the second theorem are gauge theory and the energy of the gravitational field
explained here. The paper [4] gives a detailed discussion of these two applications.

Many studies of the gravitational energy pseudotensor seem to involve either enormous com-
putations or flashes of genius. In this article, we select and explain those parts for which neither
is needed (at least not very much). I think that the method based on Noether’s second theorem is
such a method.

Now, we put

SG :=

∫
dDx LG, (1.41)

S̃G :=

∫
dDx L̃G. (1.42)
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The action SG is invariant under general coordinate transformations, while S̃G is invariant under
the affine transformation

xµ → x′µ = aµνx
ν + bµ. (1.43)

Here, aµν and bµ are constants, and the matrix aµν is assumed to be invertible. Now consider the
infinitesimal general coordinate transformation

x′µ = xµ + ξµ(x). (1.44)

Then the variation of SG is

δSG =

∫
dDx

[∂(x′)

∂(x)
L′

G(x
′)−LG(x)

]
=

∫
dDx (δLG +LG∂µξ

µ). (1.45)

Here,

δF (x) := F ′(x′)− F (x). (1.46)

Now, we put

δ̄F (x) := F ′(x′)
∣∣
x′=x

− F (x). (1.47)

Then,

δF (x) = F ′(x′)− F ′(x′)
∣∣
x′=x

+ F ′(x′)
∣∣
x′=x

− F (x)

= ∂µFδxµ + δ̄F (x) (1.48)

and

δ̄(∂µF ) = ∂µ(δ̄F ), (1.49)

δ(∂µF ) = δ̄(∂µF ) + ∂ν∂µFδxν

= ∂µ(δ̄F ) + ∂ν∂µFδxν

= ∂µ(δF )− ∂νF∂µ(δx
ν) (1.50)

follow. In the third equality, we used (1.48). Therefore,

δLG +LG∂µξ
µ = δ̄LG + ∂µ(LGξ

µ). (1.51)

Thus,

δSG =

∫
dDx

[
δ̄LG + ∂µ(LGξ

µ)
]
. (1.52)
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Here,

2κδ̄LG = δ̄G+ ∂µδ̄D
µ

=
∂G

∂gαβ
δ̄gαβ +

∂G

∂(∂γgαβ)
∂γ δ̄gαβ

+∂µ

[∂Dµ

∂gαβ
δ̄gαβ +

∂Dµ

∂(∂γgαβ)
∂γ δ̄gαβ

]
= Gαβ δ̄gαβ + ∂µ

[ ∂G

∂(∂µgαβ)
δ̄gαβ +

∂Dµ

∂gαβ
δ̄gαβ +

∂Dµ

∂(∂γgαβ)
∂γ δ̄gαβ

]
. (1.53)

Also,

δ̄gαβ = −∂αξ
λgλβ − ∂βξ

λgλα − ξµ∂µgαβ, (1.54)

therefore

Gαβ δ̄gαβ = −2∂αξ
λGα

λ − ξµ∂µgαβG
αβ

= ∂µ[−2ξλGµ
λ] + 2ξµ∂αG

α
µ − ξµGα

µ∂µgαβG
αβ. (1.55)

From the above,

2κ
[
δ̄LG + ∂µ(LGξ

µ)
]
= ξµ(2∂αG

α
µ − ∂µgαβG

αβ) + ∂µS
µ, (1.56)

Sµ := −2ξλGµ
λ +

∂G

∂(∂µgαβ)
δ̄gαβ +

∂Dµ

∂gαβ
δ̄gαβ +

∂Dµ

∂(∂γgαβ)
∂γ δ̄gαβ

+(G+ ∂αD
α)ξµ. (1.57)

Substituting this into (1.52),

2κδSG =

∫
V

dDx ξµ(2∂αG
α
µ − ∂µgαβG

αβ)

+

∫
V

dDx ∂µS
µ ≡ 0. (1.58)

The second term becomes a surface integral over ∂V , and ξµ can be chosen so that it vanishes.
Therefore, from the first term,

∂αG
α
µ −

1

2
∂µgαβG

αβ ≡ 0. (1.59)

This is (1.17), namely the Bianchi identity.
Substituting (1.59) into (1.58), we obtain the identity

∂µS
µ ≡ 0. (1.60)

Now, we put

1

2κ
Sµ = Bµ

γξ
γ +Cµ,α

γ∂αξ
γ + F µ,αβ

γ∂α∂βξ
γ (1.61)

7



and assume F µ,αβ
γ = F µ,βα

γ. Then, by setting to zero the coefficients of ξγ, ∂αξ
γ, ∂α∂βξ

γ, and
∂α∂β∂γξ

µ, respectively, we obtain

∂µB
µ
γ ≡ 0, (1.62)

Bµ
γ + ∂αC

α,µ
γ ≡ 0, (1.63)

C(α,β)
γ + ∂µF

µ,αβ
γ ≡ 0, (1.64)

F (γ,αβ)
µ ≡ 0. (1.65)

Here, (· · · ) denotes symmetrization, and

C(α,β)
γ =

1

2
(Cα,β

γ +Cβ,α
γ), (1.66)

F (γ,αβ)
µ =

1

3
(F γ,αβ

µ + F α,βγ
µ + F β,γα

µ). (1.67)

Because of

Sµ = ξλ(−2Gµ
λ +Gδµλ + ∂αD

αδµλ)−
( ∂G

∂(∂µgαβ)
+

∂Dµ

∂gαβ

)
(2∂αξ

λgλβ + ξλ∂λgαβ)

− ∂Dµ

∂(∂γgαβ)
(2∂γ∂αξ

λgλβ + 2∂αξ
λ∂γgλβ + ∂γξ

λ∂λgαβ + ξλ∂γ∂λgαβ), (1.68)

the quantities Bµ
γ, C

µ,α
γ, and F µ,αβ

γ are as follows:

Bµ
γ = −

(1
κ
Gµ

γ + tµγ

)
+

1

2κ
∂σ(D

σδµγ −Dµδσγ ), (1.69)

Cµ,α
γ = −1

κ

( ∂G

∂(∂µgαβ)
gγβ +

∂Dµ

∂gαβ
gγβ +

∂Dµ

∂(∂λgαβ)
∂λgγβ +

1

2

∂Dµ

∂(∂αgµν)
∂γgµν

)
, (1.70)

F µ,αβ
γ = − 1

2κ

( ∂Dµ

∂(∂βgαδ)
+

∂Dµ

∂(∂αgβδ)

)
gγδ. (1.71)

For the last term of Bµ
γ, we used

∂γD
µ =

∂Dµ

∂gαβ
∂γgαβ +

∂Dµ

∂(∂δgαβ)
∂γ∂δgαβ. (1.72)

Note that tµγ is defined by (1.36). tµγ behaves as a tensor under the affine transformation (1.43).
From (1.62) and (1.69), we obtain

∂µ

(1
κ
Gµ

γ + tµγ

)
≡ 0. (1.73)

From this and the Einstein equation, we see that tµγ is an energy pseudotensor.

For S̃G, the same argument holds for any infinitesimal ξγ satisfying

∂α∂βξ
γ = 0 (1.74)

8



and

∂µ
(0)Sµ ≡ 0. (1.75)

Here, (0)Sµ is obtained from Sµ by setting Dµ → 0. Therefore, if we set

1

2κ
(0)Sµ = (0)Bµ

γξ
γ + (0)Cµα

γ∂αξ
γ, (1.76)

we obtain

∂µ
(0)Bµ

γ ≡ 0, (1.77)
(0)Bµ

γ + ∂α
(0)Cαµ

γ ≡ 0. (1.78)

(0)Bµ
γ and (0)Cµ,α

γ are obtained from Bµ
γ and Cµ,α

γ by setting Dµ → 0:

(0)Bµ
γ = −

(1
κ
Gµ

γ + tµγ

)
, (1.79)

(0)Cµα
γ = −1

κ

∂G

∂(∂µgαβ)
gγβ. (1.80)

From (1.78), (1.79), and (1.80), we see that (0)Cµα
γ is a pseudo-superpotential 2) 3) .

Now, from (1.62), (1.63), (1.69), and (1.70), we obtain

1

κ
Gµ

ν + tµν ≡ ∂λ

[
− 1

κ
δ[λν D

µ] +Cλ,µ
ν

]
. (1.81)

Here, [· · · ] denotes antisymmetrization, and

A[µν] =
1

2
(Aµν − Aνµ). (1.82)

Here,

Cλ,µ
ν = C [λ,µ]

ν +C(λ,µ)
ν

≡ C [λ,µ]
ν − ∂ρF

ρ,λµ
ν (1.83)

where (1.64) has been used. Therefore,

1

κ
Gµ

ν + tµν ≡ ∂λ

[
− 1

κ
δ[λν D

µ] +C [λ,µ]
ν

]
−1

2
∂λ∂ρ(F

ρ,λµ
ν + F λ,ρµ

ν). (1.84)

From (1.65),

F ρ,λµ
ν + F λ,ρµ

ν ≡ −F µ,λρ
ν . (1.85)

2)Equation (1.39) follows from (1.73), (1.78), (1.79), and (1.80).
3)Einstein’s energy pseudotensor and the corresponding pseudo-superpotential were discovered by Einstein in

1916.
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Therefore,

F ρ,λµ
ν + F λ,ρµ

ν ≡ 1

3

[
F ρ,λµ

ν + F λ,ρµ
ν + 2(−F µ,λρ

ν)
]

=
1

3

[
(F ρ,λµ

ν − F µ,λρ
ν) + (F λ,ρµ

ν − F µ,ρλ
ν)
]

(1.86)

and we obtain

−1

2
∂λ∂ρ(F

ρ,λµ
ν + F λ,ρµ

ν) ≡ ∂λu
λµ

ν , (1.87)

uλµ
ν := ∂ρv

ρλµ
ν ≡ u[λµ]

ν , (1.88)

vρλµ
ν := −1

3
(F λ,ρµ

ν − F µ,ρλ
ν) = vρ[λµ]

ν . (1.89)

From the above,

1

κ
Gµ

ν + tµν ≡ ∂λU
λµ

ν , (1.90)

Uλµ
ν := −1

κ
δ[λν D

µ] +C [λ,µ]
ν −

1

3
∂ρ(F

λ,ρµ
ν − F µ,ρλ

ν) = U [λµ]
ν . (1.91)

This Uλµ
ν is a superpotential (in this article, we call it Utiyama’s superpotential).

2 Explicit Computations

2.1 Computation of the Quantities Appearing in the Previous Section

The notation in the previous section was

G =
√
−gG, G = gµν

[
Γρ

γνΓ
γ
µρ − Γρ

γρΓ
γ
µν

]
, (2.1)

Dρ =
√
−gDρ , Dρ = gµνΓρ

µν − gµρΓν
µν , (2.2)

Bµ
γ = −

(1
κ
Gµ

γ + tµγ

)
+

1

2κ
∂σ(D

σδµγ −Dµδσγ ), (2.3)

Cµ,α
γ = −1

κ

( ∂G

∂(∂µgαβ)
gγβ +

∂Dµ

∂gαβ
gγβ +

∂Dµ

∂(∂λgαβ)
∂λgγβ +

1

2

∂Dµ

∂(∂αgµν)
∂γgµν

)
, (2.4)

F µ,αβ
γ = − 1

2κ

( ∂Dµ

∂(∂βgαδ)
+

∂Dµ

∂(∂αgβδ)

)
gγδ, (2.5)

(0)Cµα
γ = −1

κ

∂G

∂(∂µgαβ)
gγβ, (2.6)

tµν =
1

2κ

( ∂G

∂(∂µgαβ)
∂νgαβ − δµνG

)
. (2.7)

We now compute these explicitly.
Now, we put

Γλµν :=
1

2
(∂µgλν + ∂νgλµ − ∂λgµν), (2.8)
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then

G = gµνgραgγβ[ΓαγνΓβµρ − ΓαγρΓβµν ]

= gµνgραgγβ[ΓαγνΓβµρ −
1

2
∂γgαρΓβµν ]. (2.9)

Also,

∂Γλµν

∂(∂σgδτ )
=

1

2
(δσµδ

δτ
λν + δσν δ

δτ
λµ − δσλδ

δτ
µν) (2.10)

where

δαβµν = δ(αµ δβ)ν . (2.11)

Therefore,

Gσ,δτ :=
∂G

∂(∂σgδτ )

=
1

2
gµνgραgγβ[(δσγ δ

δτ
αν + δσν δ

δτ
αγ − δσαδ

δτ
γν)Γβµρ + Γαγν(δ

σ
µδ

δτ
βρ + δσρ δ

δτ
βµ − δσβδ

δτ
µρ)

−δσγ δ
δτ
αρΓβµν − Γαγρ(δ

σ
µδ

δτ
βν + δσν δ

δτ
βµ − δσβδ

δτ
µν)]. (2.12)

From this,

Gσ,δτ =
1

2
[gµνgρα(δσγ δ

δτ
αν + δσν δ

δτ
αγ − δσαδ

δτ
γν)Γ

γ
µρ + gµνgγβΓρ

γν(δ
σ
µδ

δτ
βρ + δσρ δ

δτ
βµ − δσβδ

δτ
µρ)

−gµνgραδσγ δ
δτ
αρΓ

γ
µν − gµνgγβΓγ(δ

σ
µδ

δτ
βν + δσν δ

δτ
βµ − δσβδ

δτ
µν)]

=: (1) + (2) + (3) + (4). (2.13)

Here,

Γγ := Γρ
γρ. (2.14)

First,

(1) =
1

2
gµνgρα(δσγ δ

δτ
αν + δσν δ

δτ
αγ − δσαδ

δτ
γν)Γ

γ
µρ

=
1

4
[Γσ

µρ(g
µτgρδ + gµδgρτ ) + gµσ(gρδΓτ

µρ + gρτΓδ
µρ)− gρσ(gµτΓδ

µρ + gµδΓτ
µρ)]

=
1

4
Γσ

µρ(g
µτgρδ + gµδgρτ ). (2.15)

Next,

(2) =
1

2
gµνgγβΓρ

γν(δ
σ
µδ

δτ
βρ + δσρ δ

δτ
βµ − δσβδ

δτ
µρ)

=
1

4
[gσν(gγδΓτ

γν + gγτΓδ
γν) + Γσ

γν(g
τνgγδ + gδνgγτ )− gγσ(gδνΓτ

γν + gτνΓδ
γν)]

=
1

4
Γσ

γν(g
τνgγδ + gδνgγτ ) (2.16)
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and

(3) = −1

2
gµνgραδσγ δ

δτ
αρΓ

γ
µν

=
1

4
(−2gµνgδτΓσ

µν), (2.17)

(4) = −1

2
gµνgγβΓγ(δ

σ
µδ

δτ
βν + δσν δ

δτ
βµ − δσβδ

δτ
µν)

=
1

4
[−2(gστgγδ + gσδgγτ )Γγ + 2gδτgσγΓγ] (2.18)

are obtained. Therefore,

Gσ,δτ =
1

4

[
2Γσ

µρ(g
µτgρδ + gµδgρτ )− 2gµνgδτΓσ

µν − 2(gστgγδ + gσδgγτ )Γγ + 2gδτgσγΓγ

]
=

1

2

[
Γσ

µρ(2g
µτgρδ − gµρgδτ ) + (gδτgσγ − gστgγδ − gσδgγτ )Γγ

]
. (2.19)

From this,

(0)Cσδ
α = −1

κ

√
−gGσ,δτgτα

= −
√
−g

2κ

[
Γσ

µρ(2δ
µ
αg

ρδ − gµρδδα) + (δδαg
σγ − δσαg

γδ − gσδδγα)Γγ

]
= −

√
−g

2κ

[
(2Γσ

αρg
ρδ − Γσ

µρg
µρδδα) + (δδαg

σγΓγ − δσαg
γδΓγ − gσδΓα)

]
=

1

2κ

√
−g

[
δδα(Γ

σ
µρg

µρ − Γγg
σγ) + δσαΓγg

γδ + Γαg
σδ − 2Γσ

αρg
ρδ
]
. (2.20)

Next, we put

Dµσ,αβ :=
∂Dµ

∂(∂σgαβ)
. (2.21)

We examine this. First,

Dκ = (gµνgκρ − gµκgνρ)Γρµν . (2.22)

Therefore,

Dκσ,αβ =
1

2
(gµνgκρ − gµκgνρ)(δσµδ

αβ
ρν + δσν δ

αβ
ρµ − δσρ δ

αβ
µν )

=
1

4
(2gσβgκα + 2gσαgκβ − 2gαβgκσ

−2gσκgβα − gβκgσα − gακgσβ + gακgβσ + gβκgασ)

=
1

2
(gσβgκα + gσαgκβ − 2gαβgκσ). (2.23)
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From this,

F κ,αβ
γ = −

√
−g

2κ

(
Dκβ,αδ +Dκα,βδ

)
gγδ

=

√
−g

4κ

(
− gβδgκα − gβαgκδ + 2gαδgκβ − gαδgκβ − gαβgκδ + 2gβδgκα

)
gγδ

=

√
−g

4κ

(
− 2gαβgκδ + gαδgκβ + gβδgκα

)
gγδ

=

√
−g

4κ

(
− 2δκγg

αβ + δαγ g
κβ + δβγ g

κα
)
. (2.24)

Next, we examine Cµ,α
γ. Now, we put

(1)cµ,αγ :=
∂Dµ

∂gαβ
gγβ, (2.25)

(2)cµ,αγ :=
∂Dµ

∂(∂λgαβ)
∂λgγβ, (2.26)

(3)cµ,αγ :=
1

2

∂Dµ

∂(∂αgµν)
∂γgµν , (2.27)

(0)cµ,αγ := −κ · (0)Cµα
γ =

∂G

∂(∂µgαβ)
gγβ, (2.28)

then

Cµ,α
γ = −1

κ

3∑
n=0

(n)cµ,αγ. (2.29)

First, we examine (1)cµ,αγ. Now, we put

dκ,αβ :=
∂Dκ

∂gαβ
. (2.30)

From the relation

δgσλ = −gσ(αgβ)λδgαβ, (2.31)

it follows that

dκ,αβ = (−gµ(αgβ)νgκρ − gµνgκ(αgβ)ρ + gµ(αgβ)κgνρ + gµκgν(αgβ)ρ)Γρµν

= −gµαgβνΓκ
µν −

1

2
gµν(gακΓβ

µν + gβκΓα
µν)

+
1

2
(gµαgβκ + gµβgακ)Γµ +

1

2
gµκ(gναΓβ

µν + gνβΓα
µν). (2.32)

Therefore,

∂Dκ

∂gαβ
=

1

2
gαβDκ +

√
−gdκ,αβ

=

√
−g

2

[
gαβ(gµνΓκ

µν − gµκΓµ)− 2gµαgβνΓκ
µν − gµν(gακΓβ

µν + gβκΓα
µν)

+(gµαgβκ + gµβgακ)Γµ + gµκ(gναΓβ
µν + gνβΓα

µν)
]
. (2.33)
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From this,

(1)cκ,αγ =
∂Dκ

∂gαβ
gγβ

=

√
−g

2

[
δαγ (g

µνΓκ
µν − gµκΓµ)− 2gµαΓκ

µγ − gµν(gακgβγΓ
β
µν + δκγΓ

α
µν)

+(gµαδκγΓµ + gακΓγ) + gµκ(gναgβγΓ
β
µν + Γα

µγ)
]
. (2.34)

Next, we examine (2)cµ,αγ and (3)cµ,αγ. From the relation

∂λgµν = gµρΓ
ρ
νλ + gνρΓ

ρ
λµ, (2.35)

it follows that

(2)cκ,αγ =
∂Dκ

∂(∂λgαβ)
∂λgγβ

=
√
−gDκλ,αβ(gγαΓ

α
βλ + gβαΓ

α
λγ)

=

√
−g

2
(gλβgκα + gλαgκβ − 2gαβgκλ)(gγρΓ

ρ
βλ + gβρΓ

ρ
λγ)

=

√
−g

2
(gλβgκαgγρΓ

ρ
βλ + gκαΓγ + gλαgκβgγρΓ

ρ
βλ + gλαΓκ

λγ

−2gαβgκλgγρΓ
ρ
βλ − 2gκλΓα

λγ). (2.36)

Also,

(3)cκ,αγ :=
1

2

∂Dκ

∂(∂αgµν)
∂γgµν

=

√
−g

2
Dκα,µν∂γgµν

=

√
−g

2
Dκα,µν(gµρΓ

ρ
νγ + gνρΓ

ρ
γµ)

=

√
−g

2
(gανgκµ + gαµgκν − 2gµνgκα)gµρΓ

ρ
νγ

=

√
−g

2
(gανΓκ

νγ + gκνΓα
νγ − 2gκαΓγ) (2.37)

holds. Note that

(0)cκ,αγ =

√
−g

2

[
δαγ (−gµρΓκ

µρ + gκλΓλ)− δκγg
λαΓλ − gκαΓγ + 2gραΓκ

γρ

]
. (2.38)
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Therefore,

−κCκ,α
γ =

3∑
n=0

(n)cκ,αγ

=

√
−g

2

[
δαγ (−gµρΓκ

µρ + gκλΓλ)− δκγg
λαΓλ − gκαΓγ + 2gραΓκ

γρ

+δαγ (g
µνΓκ

µν − gµκΓµ)− 2gµαΓκ
µγ − gµν(gακgβγΓ

β
µν + δκγΓ

α
µν)

+(gµαδκγΓµ + gακΓγ) + gµκ(gναgβγΓ
β
µν + Γα

µγ)

+gλβgκαgγρΓ
ρ
βλ + gκαΓγ + gλαgκβgγρΓ

ρ
βλ + gλαΓκ

λγ

−2gαβgκλgγρΓ
ρ
βλ − 2gκλΓα

λγ

+gανΓκ
νγ + gκνΓα

νγ − 2gκαΓγ

]
. (2.39)

After simplification, we obtain

Cκ,α
γ =

√
−g

2κ

[
δκγg

µνΓα
µν + gκαΓγ − 2gραΓκ

γρ

]
. (2.40)

2.2 Named Superpotentials

Now,

W κρ,α
γ :=

√
−g

2κ
(gακδργ − gαρδκγ ) =

4

3
F [κ,ρ]α

γ = W [κρ],α
γ (2.41)

and set

fκρ
γ := (0)Cκρ

γ − ∂ρW
κρ,α

γ = f [κρ]
γ, (2.42)

mκρ
γ := Cκ,ρ

γ − ∂ρW
κρ,α

γ = m[κρ]
γ. (2.43)

We set these. fκρ
γ is the Freud superpotential, and mκρ

γ is the Møller superpotential [5]. They
satisfy

∂κf
κρ
γ = ∂κ

(0)Cκρ
γ, (2.44)

∂κm
κρ
γ = ∂κC

κ,ρ
γ. (2.45)

The Freud superpotential gives the Einstein energy pseudotensor, while the Møller superpotential
gives the energy pseudotensor

(M)tµν := tµν +
1

κ
∂λδ

[λ
ν D

µ]. (2.46)

Now let us find the expression for fκρ
γ. First,

∂ρ
√
−g =

√
−gΓρ, (2.47)
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therefore

∂ρW
κρ,α

γ =

√
−g

2κ

[
gακΓγ − Γρg

αρδκγ + ∂γg
ακ − ∂ρg

αρδκγ

]
(2.48)

is obtained. Also,

∂λg
αβ = −gµαgνβ∂λgµν

= −gµαgνβ(gµρΓ
ρ
νλ + gνρΓ

ρ
λµ)

= −(gνβΓα
νλ + gµαΓβ

λµ), (2.49)

∂λg
αλ = −(gνλΓα

νλ + gµαΓµ), (2.50)

it follows that

∂ρW
κρ,α

γ =

√
−g

2κ

[
gακΓγ − Γρg

αρδκγ − gνκΓα
νγ − gµαΓκ

γµ + (gνλΓα
νλ + gµαΓµ)δ

κ
γ

]
=

√
−g

2κ

[
gακΓγ − gνκΓα

νγ − gµαΓκ
γµ + gνλΓα

νλδ
κ
γ

]
, (2.51)

therefore

fκα
γ =

1

2κ

√
−g

[
δαγ (g

µρΓκ
µρ − gκλΓλ) + δκγg

λαΓλ + gκαΓγ − 2gραΓκ
γρ

−gακΓγ + gνκΓα
νγ + gµαΓκ

γµ − gνλΓα
νλδ

κ
γ

]
=

1

2κ

√
−g

[
δαγ (g

µρΓκ
µρ − gκλΓλ) + δκγ (g

λαΓλ − gνλΓα
νλ)− gραΓκ

γρ + gνκΓα
νγ

]
. (2.52)

The expression for mκρ
γ is

mκρ
γ =

√
−g

2κ

[
δκγg

µνΓα
µν + gκαΓγ − 2gραΓκ

γρ

−gακΓγ + gνκΓα
νγ + gµαΓκ

γµ − gνλΓα
νλδ

κ
γ

]
=

√
−g

2κ

[
gνκΓα

νγ − gραΓκ
γρ

]
. (2.53)

For more advanced discussions of the energy of the gravitational field that could not be ex-
plained in this article, see [4].

2.3 Expression for Utiyama’s Superpotential Uλµ
ν

We determine Uλµ
ν .

First, Equation (1.91) was

Uλµ
ν := −1

κ
δ[λν D

µ] +C [λ,µ]
ν −

1

3
∂ρ(F

λ,ρµ
ν − F µ,ρλ

ν). (2.54)
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From (2.40),

C [κ,α]
γ =

√
−g

2κ

[1
2
δκγg

µνΓα
µν −

1

2
δαγ g

µνΓκ
µν − gραΓκ

γρ + gρκΓα
γρ

]
(2.55)

holds. From (2.24),

F κ,ρα
γ =

√
−g

4κ

(
− 2δκγg

ρα + δργg
κα + δαγ g

κρ
)
, (2.56)

therefore

F κ,ρα
γ − F α,ρκ

γ =

√
−g

4κ

(
− 2δκγg

ρα + 2δαγ g
ρκ + δαγ g

κρ − δκγg
αρ
)

=
3

4κ

√
−g

(
− δκγg

ρα + δαγ g
ρκ
)

(2.57)

and

−1

3
∂ρ(F

κ,ρα
γ − F α,ρκ

γ) =
1

4κ
[δκγ∂ρ(

√
−ggρα)− δαγ ∂ρ(

√
−ggρκ)]. (2.58)

Here,

∂ρ(
√
−ggρα) =

√
−g(Γρg

ρα + ∂ρg
ρα) (2.59)

and

∂ρg
βα = −gβµgαν∂ρgµν

= −gβµgαν(gµδΓ
δ
νρ + gνδΓ

δ
ρµ), (2.60)

therefore

∂ρ(
√
−ggρα) =

√
−g(Γρg

ρα − gρµgανgµδΓ
δ
νρ − gρµgανgνδΓ

δ
ρµ)

=
√
−g(Γρg

ρα − gανΓρ
νρ − gρµΓα

ρµ)

= −
√
−ggρµΓα

ρµ (2.61)

holds. Therefore,

−1

3
∂ρ(F

κ,ρα
γ − F α,ρκ

γ) =

√
−g

4κ
[−δκγg

µνΓα
µν + δαγ g

µνΓκ
µν ] (2.62)

holds. From this,

C [κ,α]
γ −

1

3
∂ρ(F

κ,ρα
γ − F α,ρκ

γ)

=

√
−g

4κ

[
δκγg

µνΓα
µν − δαγ g

µνΓκ
µν − 2gραΓκ

γρ + 2gρκΓα
γρ

−δκγg
µνΓα

µν + δαγ g
µνΓκ

µν

]
=

√
−g

2κ

[
− gραΓκ

γρ + gρκΓα
γρ

]
(2.63)

is obtained. Therefore,

Uκα
γ =

√
−g

2κ

[
− gραΓκ

γρ + gρκΓα
γρ − δκγ (g

µνΓα
µν − gµαΓµ) + δαγ (g

µνΓκ
µν − gµκΓµ)

]
(2.64)

This agrees with the Freud superpotential fκα
γ.
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A Einstein Energy Pseudotensor tµν

We determine tµν :

tµν =
1

2κ

( ∂G

∂(∂µgαβ)
∂νgαβ − δµνG

)
. (A.1)

Here, we put

tµν :=
tµν√
−g

=:
1

2κ
(sµν − δµνG), (A.2)

then

sµν =
∂G

∂(∂µgαβ)
∂νgαβ

= Gµ,αβ∂νgαβ. (A.3)

From (2.19) and (2.35), we obtain

sσν =
1

2

[
Γσ

µρ(2g
µτgρδ − gµρgδτ ) + (gδτgσγ − gστgγδ − gσδgγτ )Γγ

]
(gδαΓ

α
τν + gταΓ

α
νδ). (A.4)

Hence,

sσβ := gβνsσν = (1)sσβ + (2)sσβ, (A.5)

(1)sσβ =
1

2
Γσ

µρ(2g
µτgρδ − gµρgδτ )gβν(gδαΓ

α
τν + gταΓ

α
νδ), (A.6)

(2)sσβ =
1

2
(gδτgσγ − gστgγδ − gσδgγτ )Γγg

βν(gδαΓ
α
τν + gταΓ

α
νδ). (A.7)

First,

2(1)sσβ = 2Γσ
µρΓ

ρ
τνg

µτgβν + 2Γσ
µρΓ

µ
νδg

βνgρδ

−Γσ
µρΓνg

µρgβν − Γσ
µρΓνg

µρgβν , (A.8)
(1)sσβ = 2Γσ

µρΓ
ρ
τνg

µτgβν − Γσ
µρΓνg

µρgβν . (A.9)

Second,

2(2)sσβ = ΓγΓνg
σγgβν + ΓγΓνg

σγgβν

−ΓγΓ
γ
τνg

στgβν − ΓγΓ
σ
νδg

βνgγδ

−ΓγΓ
σ
τνg

γτgβν − ΓγΓ
γ
νδg

σδgβν , (A.10)
(2)sσβ = ΓγΓνg

σγgβν − ΓγΓ
γ
τνg

στgβν − ΓγΓ
σ
νδg

βνgγδ. (A.11)

Then, we obtain

sσβ = 2Γσ
µρΓ

ρ
τνg

µτgβν − Γσ
µρΓνg

µρgβν − ΓγΓ
σ
νδg

βνgγδ + ΓγΓνg
σγgβν − ΓγΓ

γ
τνg

στgβν . (A.12)

Note note sµν ̸= sνµ.
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