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Abstract

This note explains the gravitational energy pseudotensor and superpotentials. I mainly
referred to Refs.[1, 2, 3].
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1 General Theory

1.1 Notation and the Einstein Equation

In this article we consider a D-dimensional spacetime, and take the signature of the metric g, to
be (=4 +---+). We also define

log 1 g
r wo 59 A(aug)\u + 81/9)41 - 5,\g;w), (11)
R/W = R)\u)\w (13)
R := g"R,,. (1.4)



Here,

V—gR = /—¢G + 8,D", (1.5)
G = g |17, 17, = 17,17, |, (1.6)
D = y=g[g"T7,, — T, (1.7)

and g := det(g,,). In what follows,

1

L= 2—\/—gR, (1.8)
K

~ 1

Lg = ﬂG’ G =/—9G (1.9)

where x is the Einstein constant. Now, we put

1 0G 0G
O = 75 log ~ P atmgm )
Then,
1
G = Ry — §gWR. (1.11)
Also, we put
0G 0G
G" = —0 ) 1.12
ag/u/ Aa(a)\guu) ( )
Then,
G" = —\/—gG"". (1.13)

The action of the combined system of the gravitational field and matter fields (including gauge
fields) is

S = /de (L + vV=9Lmat) (1.14)
Here, L, is the Lagrangian density of the matter fields. The Einstein equation is
G" = kT™, (1.15)
- ‘Cma 8 - 'Cma
T = —2[8“ 9Lmat) _ o IV=9 t)]. (1.16)
agw/ 8(8)\9#1/)

Here, T := T*" /\/—g is the energy-momentum tensor.



1.2 Gravitational Energy Pseudotensor

As shown in §1.3,
1 B
0,G", — 3 L9apG =0 (1.17)
holds. Here, = denotes an equation that holds without using the equations of motion. Similarly,
1 "
0,T", = 50,90T" = 0 (1.18)

is obtained. This expresses the conservation law for energy and momentum.
Clearly,

8, T" + 0. (1.19)

If there exists a quantity t*, or t* such that

Oul(vV=9)"(T", + ")) =0 (a=-1,0,1) (1.20)
aﬂ[(\/__gyl(le + t#l’)] =0 (Oz =—1,0, 1)7 (1'21)

then
P, = /V APz (=g)*(T°, +£° ) (1.22)

P’ ::/Vlesc (V=9)“(T" +t™) (1.23)

is a conserved quantity, as will be shown below. Here, we have chosen a coordinate system
in which ¢ = 2% can be interpreted as time. V; is the hypersurface on which the time is ¢.
dP'x = dax'da®- - - daP~'. We call t*, and #** the gravitational energy pseudotensors V) . In the
“telephone directory” (Wheeler, Misner, and Thorne), an energy pseudotensor satisfying (1.21) for
a = —1 is discussed. The Landau-Lifshitz energy pseudotensor in The Classical Theory of Fields
satisfies (1.21) for w = 1. In this article we treat the case in which (1.20) holds for a = 0.
Suppose that a quantity J* (where r is a label, which may or may not be a tensor index)
satisfies
oJh =0 (1.24)

T

and assume the following:

1 An energy pseudotensor does not transform as a tensor under a general coordinate transformation, but it does
transform as a tensor under the affine transformation (1.43).
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e At spatial infinity, the spacetime approaches Minkowski spacetime asymptotically.
e JH converges to zero sufficiently rapidly at infinity.

Then,

Q, = /dD_lx J° (1.25)

is constant. Here, the left-hand side is the integral
Q.(0) = /dau Jh (1.26)

with the surface o chosen to be the surface V; on which the time ¢(= 2°). Here, do, is the surface
element, and doy = d° 'z = dx'dx? - - - dzP~!. Let 015 be the surface that connects the constant-
time surfaces V;, and V,, (the side surface at infinity). Let 2 be the region bounded by V;,, V,,,
and o012, and set Q2 = V;, + 015 — V4,. Then

Qr(aQ) = QT(%l) - QT(%Z) + Qr<012)~ (127)

On the other hand, by Stokes’ theorem (Gauss’ theorem),

Q. (09) = / dPz 9,J" = 0. (1.28)
Q
Therefore, assuming @, (o12) = 0,
Q- (Vi) :/ do, J", :/ d? 'z J°, (1.29)
Vi Vi

is independent of time; that is, (1.25) is independent of time.
Suppose there exists a quantity that satisfies

(V9" C.GY, +,) = 05U, (1.30)
and
0,0UM = 0. (1.31)
Then, by the Einstein equation,
(V=9)"(T", + t",) = U™, (1.32)
and hence
Oul(v/=9)"(T", + #,)] = 0 (1.33)



are obtained. If
UM, = -U" (1.34)

then (1.31) also holds. A quantity satisfying (1.30) and (1.34) is called a superpotential. Here,
a quantity satisfying (1.30) and (1.31) will provisionally be called a pseudo-superpotential. The
same discussion applies to t# (in that case, the indices of U become U¥).

When a superpotential exists, P, is

P,,:/ dPtx U,
Vi

:/ dD_ll’ akUkOV
7

= / dsS, U™, (1.35)
St

and can therefore be written as a surface integral.
In §1.3, for the Einstein energy pseudotensor

= i(%&gaﬁ - 55(;), (1.36)
we give
%G"V +tt, = 0 UM, = 0,0 Cc™, (1.37)
UM = -UM (1.38)
9,0,CcM =0, (1.39)
O 2 O (1.40)

with a superpotential UM and a pseudo-superpotential (O)C“’\V.

1.3 Invariant Variational Theory: Derivation of the Superpotential

In this section, we introduce the superpotential by applying Noether’s second theorem.

Noether’s theorem consists of a first theorem for global transformations and a second theorem
for local transformations. The first theorem is used frequently in textbooks on field theory. Major
applications of the second theorem are gauge theory and the energy of the gravitational field
explained here. The paper [4] gives a detailed discussion of these two applications.

Many studies of the gravitational energy pseudotensor seem to involve either enormous com-
putations or flashes of genius. In this article, we select and explain those parts for which neither
is needed (at least not very much). I think that the method based on Noether’s second theorem is
such a method.

Now, we put

Sq = /dD:c Le, (1.41)
SG = /dDI Z(;. (142)
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The action Sg is invariant under general coordinate transformations, while Sg is invariant under
the affine transformation

ot — 2 = ak 2 + V. (1.43)

Here, a*, and 0* are constants, and the matrix a*, is assumed to be invertible. Now consider the
infinitesimal general coordinate transformation

ot = ot + (). (1.44)

Then the variation of Sg is

5Sq = / APz [8(1”)£,G($,) ~ Lo()

J(z)
= / dPx (6Lg + Lg0,.E"). (1.45)
Here,
6F(z) == F'(z') — F(x). (1.46)
Now, we put
SF(x) = F'()| ,_ — F(a). (1.47)
Then,
6F(x) = F'(«/) = F'(2')| ,_ + F'()| ,_ — F(x)
= 0,Féx" + 6F () (1.48)
and
5(0,F) = 0,(6F), (1.49)
5(8,F) = 6(0,F) + 0,0,Fox”
= 0,(0F) + 8,0, Fdx”
— 0,(6F) — 8,Fd,(52") (1.50)
follow. In the third equality, we used (1.48). Therefore,
SLG + L6, = 6L + 9,(LEM). (1.51)
Thus,
5Sq = / 4%z [5Lc + 0, (Lce”)|. (1.52)



Here,

2k0LG = 6G + 0,6D"

0G - oG -
= ——00u3 + =000,
99ap Joi 9(9,9ap) 10G0s
oDH oD" -
0|5 003 + 504 02005
- oG o0D" oDH
= G%5gas + 0 8Gas + 0Gas + 0-00a 1.53
Jap M[a(auga/j) Jap aga Jap a(a’y aﬁ) ~v0dap ( )
Also,
09as = =0 grs — 056 a0 — £"Opfas, (1.54)
therefore
G*P5gap = =20, G% — £"0,9asG*"
= 6M[—2£’\G“A] +2810,G°, — £“G°‘M6Mga5Ga5. (1.55)
From the above,
2%[5[(; + 0, (LcEM)| = 5“(28,16'0‘“ — MgagGaﬂ) +0,8", (1.56)
oG - o0D" _ oD"
St = 200G, + —=——0Gas + 0Gas + 0~09q
Y 00ugas) T Ogas " 0(Oygap)
+(G + 0,D*)¢H. (1.57)
Substituting this into (1.52),
2k0Sg = / dPx §H(20.G°, — @LgagGaﬁ)
1%
+/ d’r 9,8" = 0. (1.58)
1%

The second term becomes a surface integral over 0V, and £* can be chosen so that it vanishes.
Therefore, from the first term,

« ]' « R
0aG”, — 3 . 9asG*? = 0. (1.59)

This is (1.17), namely the Bianchi identity.
Substituting (1.59) into (1.58), we obtain the identity

0,8" = 0. (1.60)
Now, we put

1

58" = BLE + Cr0.87 + F 0,058 (1.61)
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and assume F“’aﬁ7 = F”’Bav. Then, by setting to zero the coefficients of &7, 0,&7, 0,05¢", and
0,050,&H, respectively, we obtain

9,B" =0, (1.62)
B +0,C*", =0, (1.63)
C?) + 9, Frf =0, (1.64)
afB) —
FOed) =0 (1.65)
Here, (---) denotes symmetrization, and
1
C(aﬂ% — 5((}0«57 + Cﬁ"”‘w), (1.66)
1
afB) ,af a,B Byya
FOP, = S(F0, 4 FO0, 4 BP0, (1.67)
Because of
0G oDV
St = MN=2G", + GoY + 0, D) — 20,&* N
&( At 6oy + ) (3(aﬂga5)+3ga5)( §°9rs + §70xGap)
oD* A A A A
— a7 (20,0087 90 + 200€70,925 + 04€"O\Jap + £ 0,019as), (1.68)
a(a’vgaﬁ)
the quantities B* , C"“, and F”?“ﬂ are as follows:
B*, = 1G“ t L 0,(D° 8t — D*6? 1.69
7__<; v T v>+ﬂ0( v v)’ (1.69)
1 oG oDV oDV 1 oD*
cHe — = G5 + g5+ =G+ =09 ), 1.70
= e (BB 90 B 2 30y ) AT
1 oD" oDV
FreB — 1.71
= =5 6a) * ) (171
For the last term of B*., we used
oD" oD"
0D" = ——0.,90p + =—0,0590p- 1.72
ol 3%,3 v5aB 8(069a5) vYé69ap ( )

Note that t is defined by (1.36). t* behaves as a tensor under the affine transformation (1.43).
From (1.62) and (1.69), we obtain

o.(-c, +) =0 (1.73)

From this and the Einstein equation, we see that ¢ is an energy pseudotensor.
For Sg, the same argument holds for any infinitesimal 7 satisfying

000567 = 0 (1.74)



and
9,0 8" = 0.

Here, (V8" is obtained from S* by setting D* — 0. Therefore, if we set

i(O)SH — (O)B“,wa + (O)Cuawaaév’

we obtain

3M(0)B’ﬂ/

0,
(0) 0) o«
B +9,0Cc* =0

0 0 ,Q : ,Q : .
( )B‘g and (O C* , are obtained from B and C*"< by setting D" — 0:

1
(O)Bu7 - _ (EGMV + tu7>,
1 oG

Ogpa — =77
T 5 00u9as) "

From (1.78), (1.79), and (1.80), we see that (O)CWV is a pseudo-superpotential 2 3 .

Now, from (1.62), (1.63), (1.69), and (1.70), we obtain
1 1
G, 4t = 0| - oD O
K K
Here, [---| denotes antisymmetrization, and

Al — (AP — A"H).

1
2
Here,

CA,MV — C[)\»M]V + C(’\"‘z
= Cc™M, — g, Fo,

where (1.64) has been used. Therefore,
—G" 4+ttt =0, — =DM + o
K v v 5 v v
1
— 50, (FPY, 4+ B0,

From (1.65),

AL APl — AP
Fool 4 PR = P

2 Equation (1.39) follows from (1.73), (1.78), (1.79), and (1.80).

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

3)Einstein’s energy pseudotensor and the corresponding pseudo-superpotential were discovered by Einstein in

1916.



Therefore,

Fp,/\uy + FA7PHV = [F””\“V + F)\,P#V + 2(_F#,/\py)}

Wl — Wl

[(Fp«\u — A )+ (kau — FHPA )]
and we obtain

1
—SONGFP, 1 FM) = D,

u’\“l, = apva = u[A“}w
1
VP = (AR RPN Y — P
v 3( v I/) 12
From the above,
1
-G' 4+t = QAUA“V,
K
UM -— _15[/\Du] + il lap(FA,pu — FmeA ) = U P4
v K v v 3 v v

This UM  is a superpotential (in this article, we call it Utiyama’s superpotential).

2 Explicit Computations

v

(1.86)

(1.87)
(1.88)
(1.89)

(1.90)

(1.91)

2.1 Computation of the Quantities Appearing in the Previous Section

The notation in the previous section was
G=+V—y9G, G=g" [prrfyup o vaprW] )
D’ = | /—gDp, DP = g“”FPW _ g“plww,,

~

1 1 ,
B, = — (G, + 1) + 3-0,(D"0) — D5,

cre = _l<igw + Q%B + ﬂ@\gw + lﬂa'yguu>a
/fl 6(85%5) glg)af a(a)\gaﬁ> 2 a(aag/w)
P = Gty + B0z
1
O =
v, - i(%@gaﬂ - 5@).

We now compute these explicitly.
Now, we put

1
F/\uu = 5(8;19)\11 + 81/9)\,u - a)\g;w)a

10
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then

GU,JT —

Also,
where
Therefore,
From this,
G(f,éT —
Here,
First,
(1) =
Next,
(2) =

8(80957) 2

87007, + 07007 — 62077
"800,

G = guvgpag%@ [LCareLaup — Larpl g

1

= g/wgpagwﬁ (Lo Lo — 50y Gapl ppuw]-

2

| 1
0w _ L sos0r 1 o577 — 53607)

ab _ slagh)
5e8 = 606D,

1
— _g#l/gpag’yﬁ[(do(séq- + 50667- . 50557)F6#p + Favl/((sg(sg; + (5;’(522 i 5%52;)

oge?7 v ooy a~yv

Cps = Tanpl05:95, + 67037, — 950,1)].

Iy = vap'
o COT o £OT o OT
57857, + 67607 — 67807,

o T po S pT o 6T T 10 o T ST
[T7.,(9"7 9" 4+ g"° ") + 9" (¢*°T",, + "' T°,,) — ¢"7 (¢""T° , + ¢"°T" )]

(979" + g"°g"m).

1
v B o $OT o SOT o COT
9"g’ pr((su(sﬁp + 0,08, — 555up)
1 v T T loa TV v T g v T TV
—lg7(¢"°T",, + g T°,) + 17, (g7 g + 9" g") — g7 (¢" T, + g7 T°,,)]

4 g511g'y‘r>

11

v o $OT o $OT o $OT
)F’Y#P +9g" gwﬁppw (6u55p + 0,08, — 95 5up>
[ = 9" 97T (5705, + 67057, — 050,1)]
(1) +(2)+ )+ (4).

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



and

1 v _pa o SOT
(3) = =599 050,17,

9 vCap
1 uv  OTTo
1
(4) = —59“'/97613(5555; + 0785, — 030,7)
1
= ;[=20077g" + g7 g, + 29" g7T ] (2.18)

are obtained. Therefore,

ag,0T 1 g T T v T ag T ag T T O
G = = [2P (09 + g"97T) = 29" 9" T, = 2(g7T g + 97T + 2¢°Tg ”Fy]

4
1 g T T T O T o T
=3 [F 02979 — ") + (9797 — 979 — g7 97T, |. (2.19)
From this,
1
(O)Caéa = _E\/__QGU’(sTgm
= Y01, (200 — g0) + (897" — 056" — g0
K
vV —4 o o % o o
- 2K [(QF apgp6 - T W)gupég) + (529 Ty = 506975{‘7 -9 6Fﬂ)}
1
= 5-V=u [52(F”ypg“p —T,9%) + 670,9™ + Tag™ — 2F"apg’“1 : (2:20)
Next, we put
oOD#
preeb — (2.21)
a(aagaﬁ)
We examine this. First,
D" = (¢"" g™ — g""¢"")[ 0. (2.22)
Therefore,
RO, 1 vV KR, K UV g S g S g SO
Dol = (g™ g™ — g""g"") (8105, + 07050 — 0781)
1 (o RO o K o RO
= 1(20779" + 299" = 29™g
_29059,6’0[ o gﬁngaa o gomga,é’ + gomgﬁa +gﬁngao)
1
— 5( aﬁgna +gaagnﬁ . 29a,(3 mf)‘ (2'23)
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From this,

Fn,aﬂ7 __V —9 (Dﬁﬂ,aé + Dna,ﬁé) s

2K
—g Ko a K ad K ad K af Kk Ko
= —%(—gﬁ‘sg = 979" +29%9" — g* g™ — g™ + 297g )975
vV —9 af Kk ad K K
= (—29 P9 + g™ g™ + ¢7g )976
—3g K a K Ko
=Y (_2579 b4 509" + 5Pg ) (2.24)
Next, we examine C*“ . Now, we put
oD*
(1)C,u,a — 2.25
0% agaﬂ g’Y,B? ( )
o0DH
@D = ——_9\gs, 2.26
0 a(a}\gaﬁ) /\975 ( )
1 oD*
Bewe .— 27 9 , 2.27
0% 2a(aagﬂy) ’Yg,u ) ( )
0G
Oema .= . Ogre — = 2.28
7 K 8(au9aﬁ) e ( )
then
13
cre = ——3 et (2.29)
n=0
First, we examine (1)0“’0‘7. Now, we put
oD%
dmP = (2.30)
aga[a’
From the relation
597 = —g"“gP*6gag, (2.31)
it follows that
5B — (_gu(agﬂ)vgw _ gwgﬂ(agﬂ)p + gu(agﬁ)ﬁgw + gwgl/(agﬂ)p)rpw
1
= —g""g" T, = 59" (0" T, + 97T,
1 o K KR 1 K ro 14 «
+5(9"9™ + 9" g™ ) + 59" (g7 T, + 97T, (2.32)
Therefore,
oD" 1
— _gaﬁDn + \/__gdn,aﬁ
aga/g 2
V=I[ o VK K a BrTk YT KT«
= T[g P(g" ", — " T,) — 2¢"* g7 T", — ¢ (9™ T",, + ¢7"T%,,)
g g™ 4+ g T+ g (9" T, + 97T, (233)

13



From this,

(1) Lk oD"
C y _= %g’yﬁ

VI ca VTR K Tk v( _ak K«
- 2 [57 (g"T wo 9" F#) —2¢"T Wy 9" (g gﬁ'YFﬁW + 57F W)

_,_(gua(gsru + gaﬁr"/) + guﬂ(gyagﬁ'YFﬁuV + Fau’y) : (234)
Next, we examine e and ®)¢® . From the relation

aAg;w = g,uprp,,)\ + gupPpAu, (2.35)

it follows that
oD*
(2)cn,o¢ S aad—
K a(a/\gaﬁ) A9
_ /_—QDK)\’Q/@(QVQFQ/B)\ + gﬂaFO‘M)
v —g

= (00" + g0 = 20779 (95,10 + 9,17,
_ @(g,\ﬁgmgwrpﬁ/\ + ng7 + g,\agnﬁgﬁ/pppﬁk + g)\al'\l{)\’y
—29°7g" 9,175, — 20T%,). (2.36)
Also,
1 oD
(3)cn7av = §8(Tgw)awglw
_ @Dm,uu(guprpw +gyprpw)
= @(ga”g’“‘ + 99" = 29" 9" ) gupl",
= VI, 4 T, - 2T (2.37)
holds. Note that
O¢me = @ 82 (—g"T",, + g Ty) — 0597 T\ — g"°T', + 2gﬂargp]. (2.38)
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Therefore,

3

—HCH’O[,Y _ Z (n)CN’a,y

n=0
—9ca K K pY. Ko Al
= 2 [02(=g T, + g Th) = 056" T — T, + 297",
18 (T, — ¢T,) — 207°T%, — g (g™ gs TP, + 65T, )
("G, + g7 Ts) + ¢ (9795, + )
_i_g)\ﬁgﬁag’yprpﬁ)\ + gme’Y + g/\agl{/gg'yprpﬂ)\ + g)\arn)\ry

—QQQBQHAQWPP,B,\ - ngra,\y
+g T, 4 g — QgHOTV]. (2.39)

After simplification, we obtain

K0 V=Y [k wpa Ko QTR
077:7579“I‘W+g FV_QQpFw]‘ (2.40)

2.2 Named Superpotentials

Now,
Kp,0 V=Y, ax ap Sk 4 K,p|o Kp|,0
Wree = 2= (g0l — g7 0)) = gF[ oo = wlkbe (2.41)
and set
j:,‘-@p7 = (O)C;'Hp’y _ 8pwmp,a7 — f[np]w (242)
me = O — W = (2.43)

We set these. f* is the Freud superpotential, and m"” is the Moller superpotential [5]. They
satisfy

O.f = 0,Cr (2.44)
O™, = 0,C™".. (2.45)

The Freud superpotential gives the Einstein energy pseudotensor, while the Mgller superpotential
gives the energy pseudotensor

1
(Mg = ¢t 4+ —0,6 DA, (2.46)
K
Now let us find the expression for f* . First,

O3 = V=3l (2.47)
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therefore

Kp,a VI ar ap Sk akK ap Sk
OWre, = 9/ [9 Iy = Dpg®07 + 09" — 09"} (2.48)
is obtained. Also,
a)\gaﬁ — _guaguﬂakgw
= _gua guﬁ(guprpm + gyprp)\u)
= — ("% + ¢"°T%,,), (2.49)
g™ = —(g"T%\ + g"°T ), (2.50)

it follows that

Kp,o VI ax op Sk VKT ak VAT o K
O,W"Pe = P [g L, —T,g%65 — ¢TI, — g"*T" , + (g AT\ 4 g [,)05
V=I9[ axr VR aTk VAT @ SK
=5 [g Ly =g T?,, — g"°T",, +¢"'T M%}, (2.51)

therefore
Ko 1 « K KA K Aa e ATk
5 = gv—g[%(g“pf o — 0TN) 4+ 0597 Ty + g°T, — 2g7°T"
_ga/{F’Y + gunrau’y + g,ual—m%u o gy)‘ra,»ﬁﬂ
1 « K K. K o v a Tk o
— ﬂ\/ _g[év(gﬂpr up_g )‘F)\)"—(S,y(g)‘ F)\—g )\F V}\)_gp F'yp—i_g F,/,y . (252)

The expression for m"”_ is

K VI [k wpa Ko QK
mpvz 2K [579#F;w+g F’Y_2gpr’vp

_gOUiF’Y 4 gynray’y + guarnfyu _ gu)\FaV)\é’f;

= A gre, — gt (2.53)

2% P -

For more advanced discussions of the energy of the gravitational field that could not be ex-
plained in this article, see [4].

2.3 Expression for Utiyama’s Superpotential U

We determine UM,
First, Equation (1.91) was

UM .= —1591914 +CPH %ap(Fw,, — FrR ). (2.54)
K

14
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From (2.40),

K, V_glnya ]'CMVK QK KT
C! ]v - 7[5(579“ [ — 55757# [ = g1, + 9" Fw}
holds. From (2.24),
K,po vV —9 K po Ko a K
Frore = P (—25,7gp + 059" + 459 ”),
therefore
K,pa o,pK vV Y K po o pk a K K«
Frre — FOr = e (—2(579p + 2059 + 659" — g p)
3 (6% (6% K
= E\/—_g( — 5™ + 059" )
and
1 KR, pQ oL PR 1 K o (63 K
—gﬁp(F e = FOR ) = Q[évap(\/—ggp ) = 050,(v/—99"")].
Here,
9(V=99"") = V=9I ,g"* + 9,9")
and
3pgﬁa — _gﬂugmf o
= _gﬁugay(gulsrayp + gVLSF(Sp,u,)?
therefore

9,(v/=99") = V=9(Tpg"* = 99" 9T, — 9”9 g1 ,)
=V _g(rpgpa - gaul—‘pyp - gp’ul—‘ap,u)
= —V=99"T",
holds. Therefore,

1 K,po ,pkK vV—4g [SNTI78 ate" o, UVTK
_g P(F ’ 'y_F ’ 7): Ak [_6'ygurpy+5fyguryu]

holds. From this,

C[n,a ap(Fn,pa’y . Fa,pf-e’y)

o=

V=9 [k wpa o, UVTR QK KT
= _57g“ re, —og"re,, —2g"T 429717

_6.‘49#1/1_1&!“/ _"_ 5$gﬂ1/1_\/€“l/i|

- T 9", + glmraw]

is obtained. Therefore,

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

Ko Vg aT K KT K ra o - [ .
U :—[—gﬁ F,Yp—l—g/’ FVP_(s’y(g#F,Lw—gu F#)ﬁ—év(g# F,Lw_g'u F#)] (264)

K 2K
This agrees with the Freud superpotential f"2.
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A Einstein Energy Pseudotensor ¢/,

We determine ¢#:

Here, we put

t 1
- V_ — (gt — ¢ A2
t, =~ =i ot~ 8G), (A2)
then
oG
st, = ————=0,9a
(0pugas) 7
= G“’O"Ba,,gag. (A.3)

From (2.19) and (2.35), we obtain

(e 1 (o T T T O oT (o T o (07
%, = = |117,,20"79” — 99" ) + (9”79 — 979" — 9 )T | (9sal % + gral%5)- (A4)

v
Hence,
s7P = gPse = Wgob | ) goh (A.5)
g, 1 g T T v « (0%
Vs = 520”79 = 9"°9")9™ (950T ", + gral ), (A.6)
1 v o 0%
W57 = (0797 = 979" — g7 IT50" (gaal %, + gral ). (A7)
First,
2570 =217, 17 g""g™ + 217, " ;g% g
_]'_‘O;u,p]‘_‘VnggﬁV - FUHPFVgMpgﬁl/? (A8)
(D) o8 — QFUHPFPT,,g“TgBV _ FUHPFyg“pg'Bl’.
Second,

9(2)gob erygcwgﬁl/ + F,YFl,g‘”gﬁ”
~I.17,977g" — T, I°,5¢™ g7
_F’Yrgﬂ/g’w—gﬁy - F"/F’ywsgadgﬂy’ (AlO)
@8 =T T,g77g" — T 17 g7 g" — T T, 59" g7°. (A.11)

Then, we obtain
s7P = QFUMPFPTVg’”gB” — F"Mpfyg“’)gﬁ” — FAY1“",/5g”6”g”*‘S + FVFl,g‘”gﬁ” — FVFvﬂ,g‘”gﬂ”. (A.12)
Note note s* #£ s"H.
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